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welcome to Graduate Algorithms

fundamentalalgorithms.com

one big pdf
w everything










































































































welcome to Graduate Algorithms

fundamentalalgorithms.com Highlights

Awesome TA's

2 midterms final

weekly homework

drop lowest 20 of HW scores

late resubmit HW policy

Please read thesyllabus

will ask for questions next class








































































































Tart I

You already know TCS

counting
over under








































































































counting








































































































Counting

11111111111111111111111 23

RHS much more efficient than LHS
unary

Decimal notation 10 s w k digits

combinatorial
explosion








































































































Over under

guess He between 1 and 100








































































































Slow algo

for i 1,2 100 guess i

FAI SO

undery Lover
25 75

rounds

undery Lover underf IverL 1092100 6.67
12 38 63 88

Grounds








































































































exponentials logarithms

logarithm base 2 of n

1092h
n2h 2.2.2 2 logan sit 2

n times also logen aka In

logion

logon for some 67



















































log atoms log 1082 8210g lo

EE
I 272 398








































































































logz logz atoms

logz 272.4
log atoms

I 8 logz 1082

82109240
28 256 2272.398








































































































TCS is about distinguishing

2h
vs logan

combinatorial binary search
explosion








































































































Part II Sorting








































































































Input n numbers

5 1 8 9 2 6 7 4 11 7 9

Goal sorted list

m
iE

A
orted

1 N








































































































tu man sort

5,111,8 9 17,26 7 4 11 7 9

O what comes first

T what comes second

I 2








































































































5,138 9 6 7 4 11 7 9

0 what comes first
what comes second

0 builds sorted list from beginning to endt
a each time we scan the list of n inputs

n iterations

n items scanned per iteration

n time








































































































n iterations

Big O n items scanned periterationtime

0cm there exists constants N c 0 sit

for all n N the algorithm terminates in

at most cm steps

WTF step varies by computer language
low level details only effect the constant

m hides the constant so we can develop a

general THEORY OF ALGORITHMS








































































































Human sort O n time
aka selectionsort

Better

m each is compared to every other

can we sort all s without comparing every pair

do we really need all comparisons








































































































Slightly different perspective

given array A Ima that is supposedly sorted

how long does it take to verify A is sorted

91192193 94 dg as me

n sorted A 1mn

for i l n 1

if ATI ATH
return False

return True








































































































Human sort
aka selectionsort

On time

Verifying a sort Oln

Better

n each is compared to every other

can we sort all s without comparing every pair

do we really need all comparisons








































































































Simple case

suppose first second halves are already sorted

A

O ng n

1 2 5 6 8 9 4,7 7 9 11











































Simple case

ng nsuppose first second
halves are already sorted 1,2 5,6 8,9 47,79111








































































































Divide and conquer

1 Sort first half recursively
2 Sort second half recursively

3 merge sorted halves together

































































































Divideandconquer

Designing a recursive algorithm 1 Sort firsthalf recursively
2 Sort secondhalf recursively
3 merge sorted halves togeth

Recursive specification

declares input output of algo
contract algo must fulfill

induction hypothesis for proof of correctness











































Divideand conquer

Designing a recursive algorithm 1 Sort firsthalf recursively
2 Sort secondhalf recursively
3 merge sortedhalves togethRecursive specification

declares inputoutput of algo
contract algomust fulfill

Implement spec inductionhypothesis for correctness

satisfies recursive spec
Iii































































































Divideand conquer

Designing a recursive algorithm 1 Sort firsthalf recursively
2 Sort secondhalf recursively
3 merge sorted halves togethRecursive specification

declares inputoutput of algo
contract algomust fulfill

Implement spec induction hypothesis for correctness

Base case

satisfies recursive spec
by induction on n

Prove correctness

argue algo satisfies recursive spec for all n

by induction on n








































































































Divide and conquer
1 Sort first half recursively
2 Sort second half recursively satisfies recursivespec

merge sorted halves together

Basecase

byinduction on n

r
W E t

t t t t t t t t

t t t t basecases I d d d

u k w t t t t d

w d
conquerh

sorted








































































































Divideandconquer

Bunning time analysis 1 Sort firsthalf recursively
2 Sort secondhalf recursively
3 merge sortedhalvestogether

T n time for input of size n

Basecase

1 TCO fatissies n

271

Th TCF T n 1 to n i
i i

2T E On

see notes for justification








































































































TCD TCORecursion tree
T n 2T E On

Workproblemsize
n

n

I 2 E n

4 E n

g qq.gg

2222

III
Tin Ochlogn
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Lower Bounds for sorting



Lower Bounds for sorting

merge sort O n logn better optimal

Goal prove lower bound for all sorting algorithms

e g prove any correct algorithm has to take at least

r 5Cn time

GTOmega
like 0cm but for lowerbounds



LowerBoundsforsorting
mergesort Onlogn better optimal

Comparison model Goal provelowerbound for all sortingalgorit
eg proveanycorrectalgorithmhastotakeatle

eg
time

like0cmbutforlowerbounds

Input X m Xn comparable

only info is via comparison queries
is X xj

God lower bound If comparison Q's



Comparison model
Suppose algo makes k queries

Input X m Xn comparable
and outputs list Xi Xiz Xin only info via comparisonqueries

is X xj
1 Xi Xj God lowerbound If comparisons
2 Xi Xjz
3 Xis is Xi Xi Xi Xin4 Xiy Xjy

K Xi Xj

output is a function of k queries

each query has 2 outcomes YES NO

at most 2k possible outputs



Comparison modelmeanwhile
Input X m Xn comparable

h possible lists only info via comparisonqueries
is X xj

2K n just to be able to God lowerbound comparisons

Output all lists
suppose algomakes k queries
and outputs list Xi Xiz m Xin

K login
ft

cxi.xi.xi.mx
Xi xj

h mcn D.cn 2 2.1
output is a function of k queries

f each query has 2 outcomes YESNO

at most 2k possibleoutputs

k log E
2

flog 8 Schlogn



theorem In the comparison only model any
correct determistic sorting algorithm makes

R n log n comparisons
in the worst case



Upper bound Lower bound

On logn D n logn
mergesort

in general any lower bound any upper bound

here we also have
some

an upper bound constant a lower bound
Olnlogn r nlogn

bounds mutually certify each other to be optimal
bounds are tight up to constants

Conclusion nlogn is right answer for sorting in

comparison model
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Graduate Algorithms, CS580, Spring 2024

Lectures: 11:30AM to 12:20 PM; on Monday, Wednesday and Friday; in WALC
3087. First two lectures are over Zoom.

Sta�: Email (@purdue.edu) O�ce hours
Kent Quanrud krq TBD at LWSN 12111

Tiantian Gong (TA) gong146 Tuesday, 11AM–12PM, at HAAS 143.
Haoyu Song (TA) song522 Monday, 3–4PM, at HAAS 143.

Please see the syllabus (page 549) for more information.

Homework

• Homework 0 due January 17.
• Homework 1 due January 24.
• Homework 2 due January 31.
• Homework 3 due February 7.
• Homework 4 due February 21.
• Homework 5 due February 28.
• Homework 6 due March 6.
• Homework 7 due March 20.
• Homework 8 due April 3.
• Homework 9 due April 10.
• Homework 10 due April 17.

Class schedule2

1. January 8. Searching and sorting, including binary search, merge sort, and
lower bounds for sorting (chapter 1). On zoom: https://purdue-edu.zoom.us/j/

98283084796?pwd=MEE1RlhSdi9BUksyY3lCZWhzcXpNZz09

2. January 10. Induction and recursion (chapter 2). On zoom: https://purdue-

edu.zoom.us/j/93963400762?pwd=ZVY1bXd4MGVKVDdjZnlESkh2N2Izdz09

3. January 12. Catch-up day.
1O�ce hours canceled on the week of January 8 due to travel.
2All future dates are tentative. Lecture materials and video recordings can be found at the end of

each chapter.
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