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merge-sort(A[l..n]): Given an array A[l..n| of comparable elements,
returns an array consisting of the elements of A sorted in increasing order.
* dedaes wmpwi/oxtpuY o algo

* “conltod olgo wmust SWSN
@ xmp\e'me’“T S%c' : \hdmc;\on :1\%6\\:;: Yoc correctness

merge-sort(A[l..n])

/* In the base case, the list is so short there is nothing to do. */
1. If n <1 then return A.

/* In the general case, we divide the input in half and recursively sort each half. */
2. Let m = [5]. Sofisries vecursive spes

3. Bj[l..m] < merge-sort(A[l..m]). é// b\l iﬂo’nd’ion on N

4. Bs[l..n —m| < merge-sort(A[m + 1..n}).

/* Now we merge the two sorted halves in linear time. */

5. return merge(B1, B>).

@ Prove, cocrectness
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C\‘\vv\k‘mg SYN(S

how wow\d you Q—Xp\aim Yo someone

how to diwb o long taic co ?

Let’s take it one step at a time. Say you’re at a particular step. Now put
one foot on the next step, and use that leg to push your body up and put
the other foot on that step, so now your entire mass is on the next step.
You can use either foot for the first step. Now if you keep repeating this
for each step you will eventually get to the top.
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how wow\d you Q—Xp\a[m Yo someone

how to diwb o “’“3 taic co ?

Let’s take it one step at a time. Say you’re at a particular step. Now put
one foot on the next step, and use that leg to push your body up and put
the other foot on that step, so now your entire mass is on the next step.
You can use either foot for the first step. Now if you keep repeating this
for each step you will eventually get to the top.
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Base case: n=1 o

Let’s take it one step at a time. Say you're at a particular step. Now put
one foot on the next step, and use that leg to push your body up and put
the other foot on that step, so now your entire mass is on the next step.
You can use either foot for the first step. Now if you keep repeating this
for each step you will eventually get to the top.
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GCD(x,y): Given two positive integers x,y € Z> Witnd x > 0,

returns the greatest common divisor of z and y.
725
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GCD(x,y): Given two positive integers x,y € Z>o with x > y and = > 0, @ Recutsine, specication
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returns the greatest common divisor of z and y. ?
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et %2

GCD(x, =Y .
(z,y) q dwides ¢=>1 dwides

/% Given two positive integers x,y € Z>o with x > y and X ond § Y and XY
x > 0, returns the greatest common divisor of x and y. */

1. If y =0 then return x.
2. Return GCD(max{z — y,y},min{zr — y,y}).
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GCD(x,y): Given two positive integers x,y € Z>o with x > y and = > 0, @ Recutsine, specication
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returns the greatest common divisor of z and y.
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@ Tmplement spec
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GCD(x,vy)
/% Given two positive integers x,y € Z>¢ with x > y and
x > 0, returns the greatest common divisor of x and y. */ et %x32v.
q dwides (=Y C\ dwides

1. If y = 0 then return z. ﬁ X ond § \/qnalx,\/
2. Return GCD(max{z — vy, y},min{z —y,y}).
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GCD(x,y): Given two positive integers x,y € Z>o with x > y and = > 0, ® R{L:i\; spm;';.\:f i

* dedafes wmpdi/owtpul o clgo
¢ eonicod” olge mast SUSN

returns the greatest common divisor of z and y.
* inducfion hypdhesis Jor correciness
@ Tmplement spec

GCD(x,y) ® Prove cocrectness
/* Given two positive integers x,y € £>o with x >y and
x > 0, returns the greatest common divisor of x and y. */ \oY A2V |
1. If y =0 then return . q dwides L=y 9 dwides
. X ond § Y and XY
2. Return GCD(max{r — vy, y}, min{x — y,y}).
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GCD(x,y): Given two positive integers x,y € Z>o with x > y and = > 0, € R{;\i\; spe.q%\scl:;\:r? o
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GCD(x,y) ® Pcove correctness
/* Given two positive integers x,y € £>o with x >y and
x > 0, returns the greatest common divisor of x and y. */ \oY A2y
1. If y = 0 then return x. q dw\des °l dwides
2. Return GCD(max{z — y,y}, min{x —y,y}). % ond y \I and X7y
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GCD(z,y): Given two positive integers z,y € Z>¢ with x > y and x > 0,
returns the greatest common divisor of x and y.

GCD(x,vy)

/* Given two positive integers x,y € Z>o with x >y and
x > 0, returns the greatest common divisor of x and y. */

1. If y = 0 then return z.
2. Return GCD(max{zr — y,y}, min{z — y,y}).

\e“ 'XZ\/ O.ﬂ& X=X \mook\/
X=\<y-\-v wl\ceN,\Q,éx

divides ,_ q divides
q‘)( w\c\\/ = \/ ond ¢



X2y omd ¥ =X mod
%= Ryt wl kel kyex
divides ,_ 9 divides

q‘)( Qr\&\/ = Y ond ¢

GCD(x,y): Given two positive integers z,y € Z>o with x > y and = > 0,
returns the greatest common divisor of  and y.

GCD(x,y)

/* Given two positive integers x,y € £>o with x > y and
x > 0, returns the greatest common divisor of x and y. */

1. If y =0 then return z.
2. Return GCD(y,x mod y).
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X2y ond Y= X mod
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diides ,_ 9 divides
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GCD(x,y): Given two positive integers z,y € Z>o with x > y and = > 0,
returns the greatest common divisor of  and y.

GCD(x,y)

/* Given two positive integers x,y € £>o with x > y and
x > 0, returns the greatest common divisor of x and y. */

1. If y =0 then return z.
2. Return GCD(y,x mod y).
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Lemma 2.7. Let G = (V, E) be a planar graph, and let B = (Vg, Eg) be the boundary
of G.

(a) Two vertices x,y € Vg adjacent in B are already colored o and [3, respectively.
(b) |C(v)| >3 for all v e Vg.
(c) |C(v)] =5 forallveV\ Vg,

Then the coloring of x and y can be extended to a proper list coloring of G.




Lemma 2.7. Let G = (V, E) be a planar graph, and let B = (Vg, E) be the boundary
of G.

(a) Two vertices x,y € Vg adjacent in B are already colored o and [3, respectively.
(b) |C(v)| >3 for all v e Vg.
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Lemma 2.7. Let G = (V, E) be a planar graph, and let B = (Vg, E) be the boundary
of G.

(a) Two vertices x,y € Vg adjacent in B are already colored o and [3, respectively.
(b) |C(v)| >3 for all v e Vg.
(c) |C(v)]| =5 forallveV\ Vg,

Then the coloring of x and y can be extended to a proper list coloring of G.
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Lemma 2.7. Let G = (V, E) be a planar graph, and let B = (Vg, Eg) be the boundary

PANKY XY of G

(a) Two vertices x,y € Vg adjacent in B are already colored o and (3, respectively.

Cme Q: B .\s o\ C'YC'\QI (b) |C(v)| >3 for all v € Vp.

(c) |C(v)| > 5 for allveV\Vg.

q Then the coloring of x and y can be extended to a proper list coloring of G.
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Lemma 2.7. Let G = (V, E) be a planar graph, and let B = (Vg, Eg) be the boundary

PANKY XY of G

(a) Two vertices x,y € Vg adjacent in B are already colored o and (3, respectively.

Cme, Q: B .\s o\ C'YC'\QI (b) |C(v)| > 3 for all v € Vp.

(c) |C(v)| > 5 for allveV\Vg.

b Then the coloring of x and y can be extended to a proper list coloring of G.
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