





































































































Towers of Hanoi

3 posts A B C n rings of n incr sizes on A
toptobottom

can move ring from top of one post to top of another

rule a ring cannot be placed on a smaller ring

A B C

Goal move all n rings from A to B




































































































Induction Recursion






























































































Lecture 1

Concepts techniques Algorithms applications

log x vs 2

Binary search
recursion

Merge sort
divide conquer

Sorting lower bounds
recursion trees

big 0 big r



















































































Divideand conquer

Designing a recursive algorithm 1 Sort firsthalf recursively
2 Sort secondhalf recursively
3 merge sorted halves togethRecursive specification

declares inputoutput of algo
contract algomust fulfill

Implement spec induction hypothesis for correctness

Base case

satisfies recursive spec
by induction on n

Prove correctness

argue algo satisfies recursive spec for all n

by induction on n




































































































Induction




































































































Climbing stairs

how would you explain to someone

how to climb a long staircase




































































































Climbing stairs

how would you explain to someone

how to climb a long staircase
























































































Climbing stairs

how would you explain to someone

how to climb a long staircase

recognize that each
step is identical




























































































Climbing stairs

how would you explain to someone

how to climb a long staircase

recognize that each
step is identical

how can we prove this
















































































Proof by induction

assume instructions work for 1 step

Base case 2 1 stair

General case n 2 stairs

instructions work for 1 step
n l steps remain

By induction on n instructions

work for staircase of n l

remaining steps
















































































Towers of Hanoi

3 posts A B C n rings of n ing sizes on A

can move ring from top of one post to top of another

rule a ring cannot be placed on a smaller ring

A B C

Goal move all n rings from A to B




















































































Designing a recursivealgorith
Recursive specification I

in

Implementspec
Provecorrectness

To H N A B C Given n rings
arguealsosatisfies recursivesp
forall n by induction on n

move all the rings to pole Bon pole A

while following rules

A B C
































































































Designing a recursivealgorithm
Recursive specification EEEiIEEEE

in

Implementspec
Provecorrectness

Tott n A B C assuming the n arguealgosatisfies recursivesp
forall n by induction on n

smallest rings are on A moves top
n rings from post A to post B

A B C
















































































Designing a recursivealgorithm
Hen A B d assuming the n smallest rings are

I.EEf i i EfEon A moves top n rings from post A to post B
Implementspec

Implement spec Provecorrectness
arguealgosatisfies recursivesp
forall n by induction on n

TOH n A B C

1 IS n 0 return

2 else not
a To H n 1 A C B

6 more 1 from A to B
c Toh n 1 C B A

A B C
































































































Designing a recursivealgorithm
Hen A B d assuming the n smallest rings are

I in
on A moves top n rings from post A to post B

Implementspec

Implement spec Provecorrectness
arguealgosatisfies recursivesp
forall n by induction on n

TOH n A B C

1 if n 70

A TOH n 1 A C B

B more ring from A to B

C Tott n 1 C B A

A B C






















































































Designing a recursivealgorithTH n A B C assuming the n smallest rings are Recursivespecification
declaresinputoutputofalgo
contractalgomustfulfillonA m pngsfrompostAtPB inductionhypothesisforcorrectness

Implementspec
Provecorrectness
arguealgosatisfies recursivespProve correctness forall n by induction on n

Base case n 0 TOH n A B C

case no 1 if n 70

By induction on 7 A TOH n 1 A C B

ToldCnt A C B more B more ring from A to B

a 1 from C TOH n 1 C B A

A B C
















































































Designing a recursivealgorithTH n A B C assuming the n smallest rings are Recursivespecification
declaresinputoutputofalgo
contractalgomustfulfillon A moves top h rings from post A to POST B inductionhypothesisforcorrectness

Implementspec
Provecorrectness
arguealgosatisfies recursivespProve correctness forall n by induction on n

Base case n O TOH n A B C

case no 1 if n 70

recursive calls A TOH n 1 A C B
correct by inductiI B more ring from A to B
correct for n C ToH n 1 C B A

A B C
















































































Towers of Hanoi

3 posts A B C n rings of n ing es on A

can move ring from top of one post to top of another

rule a ring cannot be placed on a smaller ring

A B C

Goal move all n rings from A to B

w minimum II of moves
















































































Designing a recursivealgorith
Recursive specification EEEiEEEEI

ation

Implementspec
Provecorrectness
arguealgosatisfies recursivesp

To H n A B C

forall n by induction on n

A B C
















































































Designing a recursivealgorith
Recursive specification EEIE

iation

Implementspec
ProvecorrectnessToH n A B C assuming the N
arguealgosatisfies recursivesp
forall n by induction on n

smallest rings are on A moves top
n rings from post A to post B
w the minimum of moves TOHln A B C

1 if n 70
A TOH n 1 A C B

B more ring from A to Beverything else stays the same
C TOH n 1 C B A

A B C






























Greatest common divisor

given x y IN compute largest
integer q that divides x and y

e g GCD 146740 12180 580



Greatest common divisor

given x y IN computelarges
integer q that divides and

e.g GCD 146740 12180 580

let x y

q divides
x and y

5 7 9 divides

y and x y

Euclid



Designing a recursivealgorith
Recursive specification

EEE
iation

Implementspec
Provecorrectness
arguealgosatisfiesrecursive
forall n byinduction on n

let x y
9 divides 9 divides
x and y y and

Assuming exzy returns the GCD

of x and Y



Designing a recursivealgorith
Recursive specification

t.EE
iation

Implementspec
Provecorrectness
arguealgosatisfiesrecursive
forall n byinduction on n sp

let x y
9 divides 9 divides
x and y y and

C

420
GCD X

assert 2420
1 if y o then return

2 return GCD a b w a max x y y
6 min x 4,43



Designing a recursivealgorith

EEE
iation

Implementspec

Implement spec Provecorrectness
arguealgosatisfiesrecursive
forall n byinduction on n

let x y
9 divides 9 divides
x and y y and

Induction ony
4 0

470



Designing a recursivealgorith

ication
Implementspec
Provecorrectness
arguealgosatisfiesrecursive
forall n byinduction on n sp

let x y
9 divides 9 divides
and y y and

Prove correctness
provewe aim that GCDEY fulfills specification

by induction on ty
xty 1 X 2

FQT.EE
Ed

ontex.Xty72
if 7 0 then

is correct for all xtyan

if 771 FY XCXty b c y I



Designing a recursivealgorith

EEE
iation

Implementspec
Provecorrectness
arguealgosatisfiesrecursive
forall n byinduction on n sp

let x y
9 divides 9 divides
x and y y and

Running time

1000 1
OCD



Designing a recursivealgorith

E.EEE
iation

Implementspec
Provecorrectness
arguealgosatisfies recursive
forall n byinduction on n sp

let x y
9 divides 9 divides
x and y y and

Running time

each iteration decreases xty by 1

O xty time assuming OCI time arithmetic

Is this linear time

x y take log x logly bits to represent
O xty is exponential in the input size



Bad case

y
100 2

98 2

96 2 let x y and r xmody
Kytr w KEIN Ky x

q divides q divides

andy yandr

2 2
2 0

d



y and r mod
Ky r w KEIN Ky

Proof by induction on

Base case 4 0

General case 470

d



y and r mod
Ky r w KEIN Ky

9 1 9

Running time mod y

y r

y rE



Planar graphs

graph can be drawn so that edges only
interect at their endpoints aka embedding in theplane



Planar graphs
outer
face

for fixed embedding graph divides plane into

regions called faces



Euler's Formula

G CV E connected planar graph
m edges n vertices p faces

then n mtp 2

Proof



Euler's Formula

G CV E connected planar graph
m edges n vertices p faces

then n mtp 2

Proof by induction on a

Base case 2 1



Euler's Formula

G CV E connected planar graph
m edges n vertices p faces

then n mtp 2

Proof by induction on a

General case n 1



Euler's Formula

G CV E connected planar graph
m edges n vertices p faces

then n mtp 2

noparalleledges orselfloops

Corollary for simple planar 6 and n 3

m 3n 6

Troof



List coloring
each vertex v has set of colors Cv

Goal choose color from Clv for all so that

each edge has 2 diff colors



Euler's Formula

Theorem all planar graphs G iv E connected planargraph
m edges n vertices p faces

then n mtp 2are 6 list colorable
Corollary for si ipi planar 6 and n 3

m 3n 6



Euler's Formula

Theorem all planar graphs G iv E connected planargraph
m edges n vertices p faces

then n mtp 2are 6 list colorable
Corollary for siiÉpÉplanar 6 and n 3

m 3n 6

roof



Theorem all planar graphs are 5 list colorable



Theorem all planar graphs are 5 list colorable

Proof use stronger induction hypothesis



Droof by induction on n

base case n 3



Droof by induction on n

let n 3

Case 1 B has a leaf



et n 3

Case 2 B is a cycle
Case 2 a B has a chord



et n 3

Case 2 B is a cycle
Case 2.6 B has no chord


