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@ Implemeny spec
@ Peove cocrectness

select(k,All..n]): Given an array A[l..n| of comparable elements and
an integer k € {1,...,n}, returns the kth smallest element out of A[l..n].
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select(k,A[l..n]): Given an array A[l..n] of comparable elements and @) Togemesr spec
an integer k € {1,...,n}, returns the kth smallest element out of A[1..n]. @) Prove correctness

@ Implement spec
ﬂ»oug\n‘\’ expeciment: suppose Oln)-Yime subroutne

median(A|l..n]) = select(|n/2]|, A[l..n])
= the |[n/2]th smallest element out of A[l..n|.
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select(k,A[l..n]): Given an array A[l..n] of comparable elements and @) Trgemenr spec
an integer k € {1,...,n}, returns the kth smallest element out of A[1..n]. @) Prove correctness

@ Im plemeny spec

median(A[l..n]) = select(|n/2], A[l..n])
= the [n/2]th smallest element out of A[l..n].

select(k,A[l..n])

/% select(k,A[l..n]) = the kth smallest element in A[l..n|. We assume the elements in A are
distinct for simplicity. (Otherwise, break ties arbitrarily.) */

1. If n <10 then find the kth element by brute force.

Let p = median(A). /] We assume a linear time subroutine for median(A[l..n]).
If kK = [n/2] then return p.

. If kK < [n/2] then return select(k,B), where B[1..[n/2]| — 1] is an array of the [n/2] — 1
elements smaller than p.

5. If kK > [n/2] then return select(k — [n/2], B), where B[l..n — [n/2]] is an array of the
n — [n/2] elements larger than p.
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select(k, A[l..n])

/* select(k,A[l..n]) = the kth smallest element in A[l..n]. We assume the elements in A are

- [ 3
i "“““\ng *\MQ distinct for simplicity. (Otherwise, break ties arbitrarily.) */

1. If n <10 then find the kth element by brute force.

2. Let p = median(A). /] We assume a linear time subroutine for median(A[l..n]).
3. If £ = [n/2] then return p.

4. If k < [n/2] then return select(k,B), where B[1..[n/2] — 1] is an array of the [n/2] — 1

- ! ‘ (“ elements smaller than p.
n o= 5. If k£ > [n/2] then return select(k — [n/2],B), where B[l..n — [n/2]] is an array of the

n — [n/2] elements larger than p.
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@D Recursive spechieation
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select(k,A[l..n]): Given an array A[l..n] of comparable elements and @) Troemesr spec
an integer k € {1,...,n}, returns the kth smallest element out of A[1..n]. @) Prove correctness

@ I:Vnp\e.me,n‘\" spec

’Hwoug\n‘\’ expeciment: suppose Oln)-Yime subroute

median(A[l..n]) = select(|n/2], A[l..n])

= the [n/2]th smallest element out of A[l..n].

Problem: don™ hove
O(n)=Fime, median(A[l..n])
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select(k, A[l..n])

/% select(k, A[l..n]) = the kth smallest element in A[l..n]. We assume the elements in A are
distinct for simplicity. (Otherwise, break ties arbitrarily.) */

1. If n <10 then find the kth element by brute force.
2. Let p = median(A). /] We assume a linear time subroutine for median(A[l..n]).
3. If k = [n/2] then return p.

4. If k < [n/2] then return select(k,B), where B[1..[n/2] — 1] is an array of the [n/2] — 1
clements smaller than p.

5. If k > [n/2] then return select(k — [n/2], B), where B[l..n — [n/2]] is an array of the
n — [n/2] elements larger than p.

Ot) Yime

apx-median(A|[l..n]) returns an element p € A[l..n] with rank between

n/10 and 9n /10, in O(n) time.
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select(k,A[l..n]): Given an array A[l..n] of comparable elements and @) Trgemenr spec
an integer k € {1,...,n}, returns the kth smallest element out of A[1..n]. @) Prove correctness

@ Im plemeny spec

apx-median(A|[l..n]) returns an element p € A[l..n] with rank between
n/10 and 9n /10, in O(n) time.

select(k, A[l..n])

/* select(k,All..n]) = the kth smallest element in A[l..n]. We assume the elements in A are
distinct for simplicity. (Otherwise, break ties consistently.) */

1. If n <10 then find the kth element by brute force.

. Let p = apx-median(A). // O(n) time by assumption.
. Compare p to each element in A[l..n] to identify its rank /. // O(n).
. If k = ¢ then return p.

. If k < ¢ then return select(k, A[l..£ — 1]), where B[1..¢ — 1] is an array of the £ — 1
elements smaller than p.
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6. If & > ¢ then return select(k — ¢, B), where B[l..n — /] is an array of the n — ¢ elements
larger than p.




select(k, A[l..n])

/% select(k, A[1..n]) = the kth smallest element in A[l..n]. We assume the elements in A are
distinct for simplicity. (Otherwise, break ties consistently.) */

. If n <10 then find the kth element by brute force.
. Let p = apx-median(A). // O(n) time by assumption.
Compare p to each element in A[l..n] to identify its rank £. /] O(n).

If k = ¢ then return p.

If k < ¢ then return select(k, A[1.. — 1]), where B[1..£ — 1] is an array of the £ — 1
elements smaller than p.

g W NN =

6. If k > ¢ then return select(k — ¢, B), where B[l..n — {] is an array of the n — ¢ elements
larger than p.
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apx-median(A4]|1l..n]) returns an element p € A|1..n] with rank be-
tween 7/10 and 92/10, in O(#n) time.
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select(k, A[l..n])

/* select(k,A[l..n]) = the kth smallest element in A[l..n]. We assume the elements in A are
distinct for simplicity. (Otherwise, break ties consistently.) */

1. If n <10 then find the kth element by brute force.

. Let p = median-of-medians(A).
. Compare p to each element in A[l..n] to identify its rank ¢.

. If kK =/ then return p.
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. If k < ¢ then return select(k,B), where B[1../ — 1] is an array of the £ — 1 elements smaller
than p.

6. If £ > ¢ then return select(k — ¢, B), where B[l..n — /] is an array of the n — ¢ elements
larger than p.
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min-distance(P)

(]

/*x We assume P is sorted by y-coordinate. (Otherwise sort P once in a preprocessing step.) */

1. If n <1 then return +o0.

2. If n = 2 then return the distance between the two points in P.

3. Let a be the median of the x-coordinates. //Omn) [P
/* Divide P along the vertical line x = a *x/ :
4. Let Py ={(z,y) € P:x<a}and P, = {(z,y) € P:x > a} /] O(n)

/* Find the minimum distances within each half P, and Py recursively. */

T g ey - LR PR R L L LD L LR

5. Let §; = min-distance(P;), 0o = min-distance(FP), and 6 = min{dy, d}.

/] 2T(n/2)

/* It remains to find the minimum distance across Py and Ps. */

6. Let P3 = {(z,y) € P:|x —a| <J} and let py, ..., px list P3 in decreasing order of
y-coordinate. // O(n)

7. Let 03 be the minimum of ||p; — p;|| over all 4, j with i < j < i+ 10. // O(n)
8. Return min{d, d3}.
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Lemma 11.3. Let b € R. There are at most 10 points in P with coordinate in the
rectangle [a — 0,a + 6] X [b — 6,b],

* very noacfow

—

o)
stﬂ__b)

L=a-6,a)x[b-6,b] and R = [a,a+ 6] X [b—6,b]
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in-distance(P)
/* We assume P is sorted by y-coordinate. (Otherwise sort P once in a preprocessing step.) *
1. If n <1 then return +oco.

2. If n = 2 then return the distance between the two points in P.
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3. Let a be the median of the a-coordinates. /] O(nyu
" /* Divide P along the vertical line x = a */:
4. Let P, ={(z,y) € P:x <a}and P, ={(z,y) € P: x> a} // O(n):
/% Find the minimum distances within each half Py and Py recursively. */:
5. Let §; = min-distance(P;), d> = min-distance(P), and 6 = min{dy,d2}. :
// 2T(n/2):

/% It remains to find the minimum distance across Py and Ps. */h
6. Let Py = {(z,y) € P: |z —a| < d} and let py,...,pg list P3 in decreasing order of :
y-coordinate. // O(nn

7. Let 03 be the minimum of ||p; — p;|| over all ¢,j with ¢ < j <+ 10. // O(n):
1

8. Return min{d, d3}.
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Lemma 11.3. Let b € R. There are at most 10 points in P with coordinate in the

rectangle [a —d,a+ 6] X [b-90,b], Ih‘\‘\it\'iw)\r. vt dense, Sewer compacisons needed
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min-distance(P)

/*x We assume P is sorted by y-coordinate. (Otherwise sort P once in a preprocessing step.) */
1. If n <1 then return +o0.

2. If n =2 then return the distance between the two points in P.

3. Let a be the median of the z-coordinates. // O(n)
/* Divide P along the vertical line x = a *x/
4. Let P, ={(z,y) € P:xz <a}and P, ={(z,y) € P:x > a} // O(n) ® ®
/* Find the minimum distances within each half P, and Py recursively. */

5. Let 0; = min-distance(Py), 02 = min-distance(FP,), and § = min{d, o }.

// 2T (n/2)
/* It remains to find the minimum distance across Py and Ps. */

6. Let P3 = {(z,y) € P:|x —a| <J} and let py,...,pg list P3 in decreasing order of

y-coordinate. - // O(n)
7. Let 63 be the minimum of ||p; — p,|| over all 4, j with ¢ < j <1+ 10. // O(n) ® é'
8. Return min{d, d3}. -
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min-distance(P)

/*x We assume P is sorted by y-coordinate. (Otherwise sort P once in a preprocessing step.) */

1. If n <1 then return +oo.

2. If n =2 then return the distance between the two points in P.

3. Let a be the median of the z-coordinates. // O(n)
/* Divide P along the vertical line x = a */
4. Let P, ={(z,y) € P:x <a} and P, = {(z,y) € P:x > a} /] O(n)
/* Find the minimum distances within each half Py and Py recursively. */

5. Let 0; = min-distance(P;), do = min-distance(F,), and 6 = min{dy, d2}.

/] 2T(n/2)

/* It remains to find the minimum distance across Py and Ps. */

6. Let Ps ={(x,y) € P:|r —a| <4} and let py,...,pg list P53 in decreasing order of
y-coordinate. /] O(n)

7. Let 03 be the minimum of ||p; — p;|| over all 4,5 with ¢ < 7 < i+ 10. // O(n)
8. Return min{d, d3}.
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