













































































Integer multiplication
and the

Fast Fourier Transform
















































































Multiplying n bit integers

Input x y 0,13

Output product xy e 0,23am

1223324 n n

n 2nxsi.ie
8638 1h

if

9 1111 12in
2in 0121092 a

Better 0cm
















































































Divide bits in half

Y

1 1,2 12 y y 2 12
x a 4,2 2

x y MY 2 x Yaty 2 2 1272
which multiplies 4 sof n 2 bit numbers
















































































ÑytYz X Y t X Yzt zY XzYz

1 1

bits
















































































x y X Y 2 X Yat y 2 2 242

Karatsuba's Trick
















































































x y X Y 2 X Yat y 2 2 272

Karatsuba's Trick
already computed

x t 2 y tYz X Y X Yzt XzY Xz

I F
one multiply

X Yzt XzY X Y X2 x t 2 y tyz

2 multiplies for the price of 1 more

x a ly ya X Y 242 Xyz zY
FF
















































































Designing a recursivealgorith

Recursive specification
in

Implementspec
Provecorrectness
arguealgosatisfiesrecursive
forall n byinduction on n sp

multiply XII n yes 27

given two integers X Y Cas bit strings retur

their product as bit strings

Dividebits in half

Y

x 2 x2 y y 2 yz

x y XY 2 XYaty 2 2 242

whichmultiplies 4pairsof6h12bitnumbers

Karatsuba'sTrick

EE.IEIii.XYztXzY XY Xyz x 2 ytyz

2T plies forthepriceof 1 more









































































Designing a recursivealgorith

Recursive specification
ation

Implementspec
Provecorrectness
arguealgosatisfiesrecursive
forall n byinduction on n sp

XP
Dividebits in half

Y

x 2 x2 y y 2 yz

x y XY 2 XYaty2 2 242

whichmultiplies 4pairsof n2bitnumbers

Karatsuba'sTrick

24 XY X2 x tallytyz

2multiplies forthepriceof 1 more



















































































Designing a recursivealgorith
Recursivespecification
declaresinputoutputofalgo
contractalgomustsuisin
inductionhypothesisforcorrectness

Implementspec

Recursive specification

sora no induction on n se

Provecorrectness
arguealgosatisfiesrecursive

Implement spec
















































































4 Running time

T n 3T nk OLD

n N

In

7444 1 EJ E
9

210g
login

11 11 2109271092

3 in plog.IE

is

i

oÑÉ
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T n 3T to n

y

2109210

n
n

E E E 3 En
h

I
logan Eph
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4 Running time

Running time

T n 3T to n

logan

E n
n

n

E E E 3 1 3
I

logan Eph
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4 Running time

Running time

Tln 3T on

logan

3 n 0 34 8 n
n

O n
H

O nloyds
h

logan Eph

Th 3T tO n 0610923 In

n
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Fast Fourier Transform
















































































Complex numbers

imaginary i satisfying
12 1

f
a t bi multiplication

realpart imaginarypart at bi Ctdi
act octad Gd

at 6 polynomials over

p x aotaixtazxtmtan.it

power series over C

e It m

d
















































































Euler's formula realpart

imaginary

imaginarypart

St 12 1

i
cos t i sin Catbillotdi act octad i

e It It tm

Euler's identity
1

eti I

eating
















































































real rt
t imaginary

part

nth roots of unity imaginary i s.t.is 1

atbi Ctdi act octad

any WEIC sit W I
e txt

e g W 1 for all n Euler's formula

e
i

cos is in
w 1 for n even

e
i

w i for n 4
sin

let Est
wn faith Euler's identity

16 eti I e
ti

1 Wn Wh m wit
are all nth roots of unity






























































nth discrete Fourier transform Fn reaki Einar
part

imaginary i s.t.is 1

Input do 9 92 m an atbi Cadi act octad i

e I txt

Output n values
Euler's formula

Fna p 1 p un p Wi m

p wñ e
i coso is in

where p x got a xt a x t an
sin

conjugate Fourier transform FP
Euler's identity

Input do 91 92 m an EIC eti 1 eati
Output n values

Wn pain
Fn a p 1 plain p wit m

p Wn 1 un wain wit are
all nth roots of unity

where p x aotaixtazxtmtan.tn
l



Input do 9 92 m an area ri
imaginary

part

imaginary i s.t.is 1

Output n values atbi Ctdi act octad

Fna p 1 p un p w m

p w
e I txt

Euler's formulaF a p 1 plain p wit r
p Wn eoi coso tis.in

where p x aota aft tannin l eti

y

in

Fact Ff Fna Fn a na
cost

Euler's identity
eti 1 eati

i.e Fn and FI are essentially inverse Wn faith
1 Wn WE m wit are
all nth roots of unity



at bi
Input do a az m an ed

imaginary I 1

Output n values atbi ctdi act octad i

e I txt t m

Fna pls plan p wi m plain
Euler's formulaFfa pls plain plain m pawn eli cos Ot is in

efiwhere pix got a x tap't tant't

Fact F1Fn a FnFfa na

yo

no

Euler's identity
Theorem Fna and Fta can be

eti l eat i I

computed in Oln log n time
Wn
Ies eatin

1 Wn Wi m Wnt are

all nth roots of unity



Application multiplying polynomials ie itEinampari

imaginary i s.t.is 1

P X do a Xt m t an Xn
l CatbiCctdi act octad b

e txt

q x 60 6 Xt m bn Euler's formula

e
i cos

t.jo
in

goal compute sino

G p x q x
n 2 Euler's identity

Cot C t t
2n 2x eti t.es i l

K
w faith

where Ck 696k i s un wain wit ar
all nthroots ofunity

Fna p 1 p un pWR m
p w

E a p 1 plain pwit m plwn
where p x got a xt aft anx

Fact FFFna FnFfa na

Theorem Fna Ffa in Ochlogn



at biInput p X do A Xt An
l

realpart imaginarypart

q x 60 6 Xt bn xn
1 imaginary i sit 12 1

atbi Ctdi act octad i 6

goal r x p x q x cote can 21 e I txt

Euler's formula

e
i cos isinIdea r win p wian g win e i

sino

p g 1
4

Euler's identityO nlogn eti I eati

Ena Ent w pain
1 Wn WE m wit ar

n by mult pairwise all nthroots ofunity

FLC Fna PCI p un pwñ m
p w

E a PCI plain pwñ m plwn
where p x got a xt aft anxO nlog n

Fact FFFna FnFfa na

Fz Inc Theorem Fna Ffa in Ochlogn



Input do 9 92 m an area ri
imaginary

part

imaginary i s.t.is 1

Output n values atbi Ctdi act octad

Fna p 1 p un p Wp m

p w
ex ltxtf.tt tm

Euler's formulaFfa p 1 plain p wit r
p Wn eoi coso tis.in

where p x aota a x t tannin l e

Fact FIFA Fn a na e

Euler's identity
Theorem Fna and Fpa can be

eti 1 eati

computed in Ochlogn time
wn faith
1 Wn Wh m wit are
all nth roots of unity



Idea With Wh reaki Einarpari

imaginary i s.t.is 1

atbi Ctdi act octad i 6let a 90 a 92h 1 ex txt a

Fan a k do a Wak t t AznyWn Euler's formula

e
i cos

t.jo
in

aotaz wEnPtm azn z wkzn
2n 2

even
sino

a wzkntazlwknptmtaznylwk.IM odd
Euler's identity
eti 1 eati

Wn e2Tiln
1 WnWh m wit ar
all nthroots ofunity

Fna p 1 p un pWR n
p w

E a p 1 plain pwit m plwn
where p x got a xt aft anx

Fact FFFna FnFfa na

Theorem Fna Ffa in Ochlogn



Idea With Wh reaffi Einar
part

imaginary i s.t 12 1

atbi Ctdi act octad i 6let a 90 a 92h 1 ex txt a

Fan a k do a Wak t t Aznywin Euler's formula

e
i cos t in

sino

1
4

Euler's identity
et 1 eati

Wn pain
1 WnWE m wit ar
all nthroots ofunity

Fna p 1 p un p wk n
p w

E a p 1 plain pwit m plwn
where p x got a xt aft tanx

Fact FFFna FnFfa na

Theorem Fna Ffa in Ochlogn



Idea With Wh reaki Einarpari

imaginary i s.t.is 1

atbi Ctdi act octad i 6let a 90 a 92h 1 ex txt a

Fan a k do a Wak t t AznyWn Euler's formula

e
i cos

t.jo
n

aotaz wEnPtm azn z wkzn
2n 2

even
sino

1
4a wk az w n

m an 1 w n
odd

Euler's identity

90 92 WEN t an 2 wk
2n 2 eti t.eaai

lwndf2tiln1wn Wh m wit ar
all nthroots ofunity

Fna p 1 p un pWR n
p w

E a p 1 plain pwit m plwnFndeven k where p x aota.at aft an

Fact FFFna FnFfa naw a even Ao Az 92m 2

Theorem Fna Ffa in Ochlogn



Idea With Wh reaffit ampari

imaginary i s.t.is 1

atbi Ctdi act octad i 6let a 90 a 92h 1
e ltxtf.tt

tFznak aota Wzkntmtazn wEn Euler's formula

e
i

cosotij.in
aotazlwkn.pt Azn z w

n

2
even

sino

a wzkntazlwk.sn tm azny wEn
n

odd
Euler's identity

90 9z w nPt an 2 wk
2n 2 eti I exist

Wn pain
1 Wn Wh m wit ar

Got a waft at an 2Wh all nthroots ofunity

Fna p 1 p un p wk m
p w

E a PCI plain pwñ m plwnFndeven K where plxfaotaixta.it an

Fact FFFna FnFfa naw a even do Az 92m 2

Theorem Fna Ffa in Ochlogn



Idea With Wh reaki Einarpari

imaginary i s.t.is 1

atbi Ctdi act octad i 6let a 90 a 92h 1
e ltxtf.tt

tFznak dota Wzkntmtazn wEn Euler's formula

e
i cos

t.jo
in

aotaz wEnPtm azn z wkzn
2n 2

even
sino

a wzkntazlwk.sn tmtazny wEn
n

odd
Euler's identity
eti I eati

a wzkntazlwkznptmtaznylwk.IM w pain
1 Wn Wh m wit ar

WIn a tazwkntmtazn.pk
h all nthroots ofunity

Fna p 1 p un pWR m
p w

E a p s plain pwit m plwnWk Fn Clodd is
where plxfaotaixta.it anx2h

Fact FFFna FnFfa na

w dodd 9 93 92m 1 Theorem Fna Ffa in Ochlogn



Idea With Wh reaki Einarpari

imaginary i s.t.is 1

atbi Ctdi act octad i 6let a 90 a 92h 1
e txt a

Fan a k do a Wak t t Aznywin Euler's formula

e
i cos t

fin
aotazlwkn.pt Azn z w

n

2
even

sino

1
4a wk az w n

m an 1 w n
odd

Euler's identity
eti 1 eati

Fndevenly w Fn dodd is2h w pain
1 Wn Wh m wit ar
all nthroots ofunity

Fna p 1 p un p wk n
p wrecurse

E a p 1 plain pwit m plwn
where p x got a xt aft tanx

Fact FFFna FnFfa na

Theorem Fna Ffa in Ochlogn



rea rt
t imaginary

part

Fast Fourier Transform ao an imaginary i s.t.is 1

atbi Ctdi act octad i 6

1 if n 0 return e l xt

2 if n I return Ao Euler's formula

e
i

cosotij.in3 let Yo Ying 1
FFT a even

4 let 20 m Zun25 1 FFT add Jino
1
45 return Xo Xn y Euler's identity

eti 1 eati
where Xk yktwnkzkk Q.int w pain

1 WnWh m wit ar
all nthroots ofunity

Fna p 1 p un p wk m
p wñ

T n Ffa pls plain pwit m plwn
where p x got a xt aft anx

Fact FFFna FnFfa na

Theorem Fna Ffa in Ochlogn


