





















































































Edit distance and

matrix chain multiplication
























































































I An algorithmic metric on strings



















































I An algorithmic metric on stringVersion control

Github highlights changes
























































































I An algorithmic metric on string
























































































Genetics I An algorithmic metric on string

TA C G T c

A

how to measure similarity
important for

iE Xa analyzing hereditary traits

6 distinguishing species 8 I
























































































2 metrics for strings
1 Hamming distance

i É Igfor strings x y w same length

charactersHamming 4
differing in x and y

X ABCD EFG
x x x x

Hamming dist 4
y ABC EFG D
























































































2 metrics for strings
1 Hamming distance

charactersHamming 4
differing in x and y

for strings xx u same length

ÉÉ É
X ABCD EFG

y ABCÉ IF Hamming dist 4

2 Edit distance

min single character insertions deletions and
substitutions to convert x into y

X ABCD EFG

Y ABC EFG
edit distance 2

ins
























































































Hamming distancetamming distance and edit distance characters
differingin x and yare both metrics
Edit distance

min singlecharacter insertion
deletions and substitutiondist x y 20 to convert x into y

dist x y O x y

dist x y distly x

dist x y E dist x 2 dist z y triangle inequality
























































































1 Hamming distance 2 Edit distance

characters min single character insertions

differing in x and y
deletions and substitutions
to convert into y

con small misalignment pro small misalignment

hugeHamming dist small edit distance
bettermodel for many applications

Oro easy fast to compute cons more complicated

how to compute















































































Computing edit distance
min singlecharacter insertion
deletions and substitution
to convert x into y
Designing a recursivealgorith
Recursivespecification
declaresinputoutputofalgo
contractalgomustsasin
inductionhypothesisforcorrectness

Implementspec
Provecorrectness
arguealgosatisfies recursive
forall n byinduction on n sp

Recursive specification



















































Computing edit distance
min singlecharacter insertion
deletions and substitution
to convert x into y
Designing a recursivealgorith
Recursivespecification
declaresinputoutputosaigo
contractalgomustsasin
inductionhypothesisforcorrectness

Recursive specification

grain byinduction on n

Implementspec
Provecorrectness

Implement spec arguealgosatisfiesrecursive

















































Computing edit distance
min singlecharacter insertion
deletions and substitution
to convert x into y
Designing a recursivealgorith
Recursivespecification

Is
inductionhypothesisforcorrectness

Recursive specification

forannoyinduction on n

Implementspec

Implement spec Provecorrectness
arguealgosatisfiesrecursive

Running time TG 3 Ten 1 2 0137




























































































Computing edit distance
min singlecharacter insertion
deletions and substitution
to convert into yRecursive specification Designing a recursivealgorithm

EEIE
iation

Implementspec

Implement spec Provecorrectness
arguealgosatisfiesrecursive
forall n byinduction on n sp

Summary

edit distance is good model

can be computed recursively
recursive algo is exponential time

Q How to make recursive

TG 3T n 1 1 013 algo fast

caching



















































Caching edit distance
min singlecharacter insertion
deletions and substitution
to convert into yIdea Designing a recursivealgorithm

save answers to each subproblem
cation

Implementspec
Provecorrectnessnever solve same subproblem twice
arguealgosatisfiesrecursive
forall n byinduction on n sp

1 index parameters to be more cache friendly
Recursive specification let 1 m y 2 n be fixed

Implement spec














































































Caching edit distance
min singlecharacter insertion
deletions and substitution
to convert into yIdea Designing a recursivealgorith

save answers to each subproblem
cation

Implementspec

never solve same subproblem twice Provecorrectness

sp

2 augment recursive code w caching is iesixea

Implementspec

ATI m I n is a

2 dim array in
global memory













































































Caching edit distance
min singlecharacter insertion
deletions and substitution
to convert into ySave answers to each subproblem Designing a recursivealgorithm

never solve same subproblem twice
cation

Implementspec
Provecorrectness
arguealgosatisfies recursive2 augment recursive code w caching sorain byinduction on n sp

EE Iesixea
Implementspec

ATI m I n is a

2 dim array in
global memory
























































































Bunning time

mn subproblem caching reduced

running time1 time per subproblem
excl recursive calls exponentially

01mn time total
























































































Caching a.k.a dynamic programming

If recursive algo has polynomial A of
subproblems then Running time

mn subproblems

caching polynomial time algo on time em

01mn timetotal

template for this class

1 recursive spec
2 recursive implementation
3 mention caching or dynamic programming
4 analyze run time

5 how to use recursive algo to solve problem
6 proof by induction

See notes for full explanation sample solutions
























































































emplate for this class

1 recursive spec
2 recursive implementation

Running time
3 mention caching or dynamic programming mn subproblems

04 time em

4 analyze run time 01mn timetotal

5 how to use recursive algo to solve problem
6 proof by induction
we don't want
code implementing caching which is mechanical

iterative code w loops

space usage
























































































template forthisclass
1 recursivespec
2 recursiveimplementation
3 mention caching or dynamicprogramm
4 analyze run time
5howto use recursivealgo
to solveproblem
6 proof byinduction
























































































I Matrix chain multiplication
























































































Cij ÉÉ AikBig

h A C n

B i

Nz
Nz

O n nah 3 time to compute C
























































































Nz Nz Ny

Nz

n Nz
























































































Nz n3 4

Nz

h

N2 n3 My
m My

Nz

n
hints thinghy

i n e n
ocnmgn.my

Nz Nz Ny Nz 4

mNz

O hzn3n4t ninny
n n O nznyln.tn
























































































Input dimensions hi Nz Nk KHEIN

Output min ordinary multiplications needed to compute

A AzA Ak where A e Rhinits























































Input dimensions na na mink nkHE IN

Output min ordinary multiplications needed to compute

A A A MAK where Aie
in its
























































































Input dimensions hi Nz Nk KHEIN

Output min ordinary multiplications needed to compute

A AzA Ak where A e Rhinits

Ideas















































































Input dimensions hi Nz Nk KH IN
Output min ordinary multiplications needed to

computeA A A Ak where A eIR
it

I recursive spec

template forthisclass
1 recursivespec
2 recursiveimplementation
3 mention caching or dynamicprogrammin
4 analyze run time
5howto use recursivealgo
to solveproblem
6 proof byinduction





























































Input dimensions hi Nz Nk KH IN
Output min ordinary multiplications needed to1 recursive spec computeA A A Ak where A eIR

it

2 recursive implementation

template forthisclass
1 recursivespec
2 recursive implementation
3 mention caching or dynamicprogrammin
4 analyze run time
5howto use recursivealgo
to solveproblem
6 proof byinduction


















































































Input dimensions hi Nz Nk KH IN
Output min ordinary multiplications needed to

1 recursive spec computeA AAs Ak where AieIR

2 recursive implementation

3 how to use recursive algo
to solve problem

Fastest 2n
template forthisclass
1 recursivespec
2 recursiveimplementation
3 howto use recursivealgo

4mint it dynamicprogrammin

5 analyze run time
6 proof byinduction


















































































Input dimensions hi Nz Nk KH IN
Output min ordinary multiplications needed to

1 recursive spec computeA AAs Ak where A eIR

2 recursive implementation

3 how to use recursive algo
to solve problem Fastest 2 n

15 Running time w dyn prog
K subproblems template forthisclass

1 recursivespec
2 recursive implementationOCK time per subproblem 3howto use recursivealgo

4mint it dynamicprogrammin

Timetotaf s analyze run time
6 proof byinduction

























































































