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Genetics I An algorithmic metric on string
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2 metrics for strings
1 Hamming distance

i É Igfor strings x y w same length

charactersHamming 4
differing in x and y

X ABCD EFG
x x x x

Hamming dist 4
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2 metrics for strings
1 Hamming distance

charactersHamming x Y
differing in x and y

for strings xx w same length
ABCDEFG

y ABCÉÉÉp Hamming dist 4

2 Edit distance

min single character insertions deletions and
substitutions to convert into y

del
ABCDEFG

ins edit distance 2

Y ABCEFGD








































































































Hamming distancetamming distance and edit distance characters
differingin x and yare both metrics
Edit distance

dist XXX Rzo min singlecharacter insertion
deletions and substitutiondist x y 20 to convert into y

dist x y 0 X y

dist x y distly x

dist x y dist x 2 dist 2 y triangle inequality








































































































1 Hamming distance 2 Edit distance

characters min single character insertions

differing in x and y
deletions and substitutions
to convert into y

con small misalignment pro small misalignment

hugeHamming dist small edit distance
bettermodel for many applications

Oro easy fast to compute cons more complicated

how to compute








































































































Computing edit distance
min singlecharacter insertion
deletions and substitution
to convert into y
Designing a recursivealgorith

EEEEE
iation

Implementspec

2 NL YTI n Provecorrectness
arguealgosatisfies recursive
forall n byinduction on n sp

Recursive specification

edit XII im yT2
n given two strings

X Y return min of edits to convert
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Computing edit distance
min singlecharacter insertion
deletions and substitution
to convert x into y
Designing a recursivealgorith
Recursivespecification
declaresinputoutputofalgo
contractalgomustsasin
inductionhypothesisforcorrectness

Implementspec
Provecorrectness
arguealgosatisfies recursive
forall n byinduction on n sp

Recursive specification










































































































Computing edit distance
min singlecharacter insertion
deletions and substitution
to convert into yRecursive specification Designing a recursivealgorith

Eication

Implementspec
Provecorrectness

Implement spec arguealgosatisfiesrecursive
forall n byinduction on n sp

edit Is mn yI2 n

if y return 0 10min
if m 0 return n

is n 0 return m ABCD

if XII yI1
BCDEI

It edit XTz.mn yI2 n

return min editlxtz.mn yEnTIteditExT1mT yE2 n

if XIII 1517
min

editcxtz MJYEz.us
It edit XIz.me yE1nTIteditCxT1mT yE2 n7
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Computing edit distance
min singlecharacter insertion
deletions and substitution
to convert into yRecursive specification Designing a recursivealgorith
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Computing edit distance
min singlecharacter insertion
deletions and substitution
to convert into yRecursive specification Designing a recursivealgorith
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ProvecorrectnessImplement spec arguealgosatisfiesrecursive
forall n by induction on n sp
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Computing edit distance
min singlecharacter insertion
deletions and substitution
to convert into yRecursive specification Designing a recursivealgorithm

station
Implementspec

Implement spec
1

21 Provecorrectness
arguealgosatisfiesrecursive
forall n byinduction on n spis

Summary

edit distance is good model

can be computed recursively
recursive algo is exponential time

Q How to make recursive

TG 3T n 1 1 013 algo fast
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Caching edit distance
min singlecharacter insertion
deletions and substitution
to convert into yIdea Designing a recursivealgorithm

save answers to each subproblem
cation

Implementspec
Provecorrectnessnever solve same subproblem twice
arguealgosatisfiesrecursive
forall n byinduction on n sp

1 index parameters to be more cache friendly
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Implement spec

i

































































































Caching edit distance
min singlecharacter insertion
deletions and substitution
to convert into yIdea Designing a recursivealgorith

save answers to each subproblem EEiIEEEE
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Caching edit distance
min singlecharacter insertion
deletions and substitution
to convert into ySave answers to each subproblem Designing a recursivealgorithm
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Bunning time

mn subproblem caching reduced

running time1 time per subproblem
excl recursive calls exponentially

01mn time total








































































































Caching a.k.a dynamic programming

If recursive algo has polynomial A of
subproblems then Running time

mn subproblems

caching polynomial time algo on time em

01mn timetotal

template for this class

1 recursive spec
2 recursive implementation
3 mention caching or dynamic programming
4 analyze run time

5 how to use recursive algo to solve problem
6 proof by induction

See notes for full explanation sample solutions








































































































emplate for this class

1 recursive spec
2 recursive implementation

Running time
3 mention caching or dynamic programming mn subproblems

04 time em

4 analyze run time 01mn timetotal

5 how to use recursive algo to solve problem
6 proof by induction

we don't want
code implementing caching which is mechanical

iterative code w loops

space usage








































































































template forthisclass
1 recursivespec
2 recursiveimplementation
3 mention caching or dynamicprogramm
4 analyze run time
5howto use recursivealgo
to solveproblem
6 proof byinduction








































































































I Matrix chain multiplication
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Input dimensions hi Nz Nk KHEIN

Output min ordinary multiplications needed to compute

A AzA Ak where A e Rhinits

































































Input dimensions hi Nz Nk KHEIN
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Output min ordinary multiplications needed to compute
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Input dimensions hi Nz Nk KHEIN

Output min ordinary multiplications needed to compute

A AzA Ak where A e Rhinits
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Input dimensions hi Nz Nk KH IN
Output min ordinary multiplications needed to

computeA A A Ak where A eIR
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1 recursive spec

malt A Az AK
mi

template forthisclass
1 recursivespec
2 recursiveimplementation
3 mention caching or dynamicprogrammin
4 analyze run time
5howto use recursivealgo
to solveproblem
6 proof byinduction
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1 recursivespec
2 recursiveimplementation
3 mention caching or dynamicprogrammin
4 analyze run time
5howto use recursivealgo
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Output min ordinary multiplications needed to1 recursive spec computeA A A Ak where A eIR

it

2 recursive implementation

Fastest i j
if i j return 0

is j itl return

else

return min
FastestCity

Nikitin
template forthisclass

Fastest i j 1 t
1 recursivespec
2 recursive implementation
3 mention caching or dynamicprogrammin

Nj Nj Jt 4 analyze run time
5howto use recursivealgo
to solveproblem
6 proof byinduction



Input dimensions hi Nz Nk KH IN
Output min ordinary multiplications needed to1 recursive spec computeA A A Ak where A eIR

it

2 recursive implementation

template forthisclass
1 recursivespec
2 recursive implementation
3 mention caching or dynamicprogrammin
4 analyze run time
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Input dimensions hi Nz Nk KHEIN
Output min ordinary multiplications needed to

1 recursive spec computeA AAs Ak where AieIR

2 recursive implementation
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to solve problem Fastest 2 n
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D subproblems template forthisclass
1 recursivespec
2 recursive implementation

h 3howto use recursivealgo
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5 analyze run time
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template for thisclass
1 recursivespecS 3 2 1 6 7 2 recursive implementation
3 how to use recursivealgo
to solveproblem

4 mention caching or dynamicprogramming
5 analyze run time
6 proof byinduction



LIS i length of LIS in Ati _a

that includes i
LIS i a

if i n return 1 5,410,7 1 2,3 4,89,5
if ion return 0

cachingreturn max of
It 215 j

n subproblem
over j itl a sit

AIDAE template forthisclass

FYI 1 recursivespec
2 recursive implementation
3howto use recursivealgo
to solveproblem

driver returns Max 15 i 4 mention caching or dynamicprogrammin
5 analyze run time

j y2 6 proof byinduction
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recursive spec

template forthisclass
1 recursivespec
2 recursive implementation
3howto use recursivealgo

4mint ii dynamicprogrammin

5 analyze run time
6 proof byinduction
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1 recursivespec
2 recursiveimplementation
3howto use recursivealgo
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5 analyze run time
6 proof byinduction





6 Exercises
In addition to some of the exercises below, there are many freely available exercises with
similar themes as this chapter. See for example the exercises in [Eri19, Chapter 3].8

Exercise 1. Below is a series of optimization problems that takes as input an array A[1..n]
of integers, and asks for optimal subsequences of A satisfying certain properties.9 Design
and analyze an algorithm for each of these problems, addressing items 1–5 from section 2.10

1. A sequence of numbers x1, . . . , xk is (strictly) increasing if xi < xi+1 for i = 1, . . . , k≠1.
Compute the length of the longest increasing subsequence of A.

2. A sequence of numbers x1, . . . , xk is convex if xi+1 ≠xi Ø xi ≠xi≠1 for i = 2, . . . , k ≠1.
Compute the length of the longest convex subsequence of A.

3. Compute the maximum sum of any increasing subsequence of A.

4. Compute both:

• the length of the longest increasing subsequences of A where the sum of integers
is even,

• the length of the longest increasing subsequence where the sum of integers is
odd.

5. Suppose each entry in A is also colored red, white, or blue. We say that a sequence
is American if the colors alternate red, white, blue, red, white, blue, ... The first
number in the sequence can be any color. Compute the length of the longest increasing
American subsequence of A. (You can assume that you can look up the color of A[i],
for any i œ [n], in constant time.)

6. A sequence x1, . . . , xk is a palindrome if the reversed sequence is the same; i.e.,
(x1, . . . , xk) = (xk, . . . , x1). For example,

mom, dad, racecar, and gohangasalamiimalasagnahog

are all palindromes. Compute the length of the longest palindrome subsequence of A.

7. Compute the length of the shortest supersequence of A that is a palindrome.11

8The exercises in [Eri19, Chapter 3] under the heading of “Trees and Subtreees” are better suited for ??
of these notes.

9A “subsequence” of x1, . . . , xn is a sequence of the form xi1 , xi2 , . . . , xik where 1 Æ i1 < i2 < · · · < ik Æ n.
10 In particular, no proof is required. We will interpret your recursive spec as the inductive hypothesis of

a proof by induction, and fill in the the rest of the details ourselves. That said, some additional commentary
may help the grader, especially in the event of partial credit.

11x1, . . . , xk is a supersequence of y1, . . . , y¸ if y1, . . . , y¸ is a subsequence of x1, . . . , xk.
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Sample solution.
Problem. (Exercise 1 problem 1) Let A[1..n] be an array of integers. A sequence of numbers
x1, . . . , xk is (strictly) increasing if xi < xi+1 for i = 1, . . . , k ≠ 1. Compute the length of the
longest increasing subsequence of A.

Solution.
1. Recursive spec / induction hypothesis. For i œ {1, . . . , n}, we define

LIS(i) = the length of the longest increasing subsequence of A[i..n] where the
subsequence starts with A[i].

(Here LIS stands for longest increasing subsequence.)

2. Recursive implementation.

LIS(i)

1. If A[i] Ø A[j] for all j > i then return 1.
2. Otherwise return the maximum of

1 + LIS(j)

over all indices j > i with A[j] > A[i].

3. Solving the original problem. The maximum of LIS(i) over all i œ [n] gives the length of the
longest increasing subsequence in A.

4. Running time with caching / dynamic programming. With dynamic programming, the
running time is O

!
n

2"
, where we have n subproblems each of which take O(n) time (to iterate

over j > i, in steps (1) and (2)).
Remark 6.1. We emphasize that the recursive spec essentially solved the entire problem.
Remark 6.2. It is well known that there are faster algorithms but that is besides the point.
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