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2. Design and analyze an algorithm[~2] to compute the
even distance between every pair of vertices when the edge
weights are real-valued, and there are no negative cycles.

2. Design and analyze an algorithm[”*2] that, given a
directed graph with real-valued edges, detects if there is
a negative cycle.

10 - [~1]1: We pushed back the deadline to Friday because the
homework was also prepared late.
[~2]: As always, the faster the better.

Gitwmib \s\ca\\\\ é\ﬁs C}\m\%e.s

T An o\\aoc\‘\\rm'\c, melcie on S ngs

o8-

2. Design and analyze an algorithm[*2] to compute the
even distance between every pair of vertices when the edge
weights are real-valued, and there are no negative cycles.

2. Design and analyze an algorithm[*2] that, given a
directed graph with real-valued edges, detects if there is
a negative cycle.

+ [*1]: We pushed back the deadline to Friday because we
were late in getting the homework up.
[~2]: As always, the faster the better.



DIFF(1)

NAME
diff - compare files line by line

SYNOPSIS

diff [OPTION]... FILES

DESCRIPTION
Compare files line by line.

-1 --ignore-case

Ignore case differences in file contents.

--ignore-file-name-case
Ignore case when comparing file names.

--no-ignore-file-name-case
Consider case when comparing file names.

-E --ignore-tab-expansion

Ignore changes due to tab expansion.

--ignore-space-change

Ignore changes in the amount of white space.

-w --ignore-all-space

Ignore all white space.

--ignore-blank-lines
Ignore changes whose lines are all blank.
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7 2. Design and analyze an algorithm[~2] to compute the
even distance between every pair of vertices when the edge
weights are real-valued, and there are no negative cycles.

8 2. Design and analyze an algorithm[*2] that, given a
directed graph with real-valued edges, detects if there is
a negative cycle.

10 - [*1]: We pushed back the deadline to Friday because the

homework was also prepared late.
11 [*2]1: As always, the faster the better.
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2. Design and analyze an algorithm[*2] to compute the
even distance between every pair of vertices when the edge
weights are real-valued, and there are no negative cycles.

2. Design and analyze an algorithm[~2] that, given a
directed graph with real-valued edges, detects if there is
a negative cycle.

+ [*1]: We pushed back the deadline to Friday because we

were late in getting the homework up.
[~2]: As always, the faster the better.
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even distance between every pair of vertices when the edge even distance between every pair of vertices when the edge
weights are real-valued, and there are no negative cycles. weights are real-valued, and there are no negative cycles.

© 2. Design and analyze an algorithm[~2] that, given a 5 2. Design and analyze an algorithn[*2] that, given a
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a negative cycle. a negative cycle.
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° even distance between every pair of vertices when the edge even distance between every pair of vertices when the edge
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© 2. Design and analyze an algorithm[~2] that, given a 5 2. Design and analyze an algorithn[*2] that, given a
directed graph with real-valued edges, detects if there is directed graph with real-valued edges, detects if there is
a negative cycle. a negative cycle.

10 - [*1]: We pushed back the deadline to Friday because the 10+ [*1]: We pushed back the deadline to Friday because we
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homework was also prepared late. were late in getting the homework up.
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min H sing\e. characler inser‘\'ior\s,

prﬁ\né QA\'\— d\SYQnC.Q- deléfions, and substitutions

o convect X wio Y.
De.signing o recursive a\gef"'n\m
D Recursive speaSicaiion

S :«\30

¢ deda(es mpat/odtpur o
* Ceortirod ol must SUSIN

@ Imp\e.me,n“( spec
3 Prove cocrectness

@D Recurswe speaicstion

edit(z[l..m],y[1..n]) : Given two strings x and y, returns the minimum
number of edit operations needed to convert x into y.
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@D Recursive spedsication Designing o recusive algerithn
edit(z[l..m], y[1..n]) : Given two strings = and y, returns the minimum & Re.ﬁ?(i‘ﬁe: f?;“"‘c'd‘m

Aol ogo must SuSi
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number of edit operations needed to convert x into y.
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@D Recucsive speaication

- lmin 'Et .Sing\e characler ihse\’\'ionsl

delefions, and substititions
"I’o C,o!h\lef‘ X wio \/
De.sign'mg o reculsive a\gﬁ.‘ﬂ\m
D Recursive specification
oy

edit(xz[l..m],y[1..n]) : Given two strings x and y, returns the minimum RCteNg ¢

number of edit operations needed to convert x into y.

@ Implement spec

edit(z[l..k],y[1..4])
1. If k=0 or ¢/ =0 then return k& + /.

2. If z[1] # y[1] then return the minimum of

A. 1+ edit(x[2..k],y[1..4])
B. 1+ edit(z[l..k],y[2..4])
C. 1+ edit(x[2..k],y[2..4])

3. If z[1] = y[1] then return the minimum of
A. edit(z[2..k],y[2..4])

B. 1+ edit(z[l..k],y[2..4])
C. 1+ edit(x[2..k],y[1..4])

* Teorticod alge must SIS

@ Implement spec
® Prove cocrectness

// delete x[1]

// insert y|1]
// replace x|1] with y[1]

// do nothing

// insert y|1]
// delete x[1]



. . in # single charocfer InsecTions,
Cmnp\ﬁ\"\né edit diffonce delefichs, and subeltations

To convert X wio Y.

@ Recucswe speaficalion Designing a recursive algorithun
edit(z[1..m],y[1..n]) : Given two strings z and y, returns the minimum & Recucsive speciealion
. . . * Ceorticod oo must SIS
number of edit operations needed to convert x into y. o b S core s
@ Implement spec

3 Prove cocrectness

@ Implemeny spec
edit(z[l..k],y[1..4])
1. If k=0 or £ =0 then return k + /.

2. If z[1] # y[1] then return the minimum of

A. 1+ edit(x[2..k],y[1..4]) // delete x[1]

B. 1+ edit(x[l..k],y[2..4]) // insert y[1]

C. 1+ edit(x[2..k],y[2..4]) // replace x|1] with y[1]
3. If z[1] = y[1] then return the minimum of

A. edit(z[2..k],y[2..4]) // do nothing

B. 1+ edit(z[l..k],y[2..4]) // insert y[1]

C. 1+ edit(z[2..k],y[1..4]) // delete x|1]
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min H sing\e. character ihse\’\'ions,

CO\Y\PV\V\Y\% QA\'\' d\§ once deléfions, and substitutions

fo convert % wio Y.

@D Recurswve speaficalion Designing a recursive algorithwn
edit(z[1..m],y[1..n]) : Given two strings z and y, returns the minimum & R?ﬁ"ﬁ‘)_{" specificstion
number of edit operations needed to convert x m:co Y. ® Imp\e:n o e

@ xmp\eme,n"\" s;:ec a‘ 3 Prove cocrectness
edit(z[l..k],y[1..4]) =)

1. If k=0 or £ =0 then return k + /.

2. If z[1] # y[1] then return the minimum of V\W\W\U\f"

A. 1+ edit(z|2..k|,y[1..0 . . .
1y east(ol Al oY digtance. 15 good mmodd
C. 1+ edit(e[2.K],y[2.0) can be compuled retursively
3. If z[1] = y[1] then return the minimum of
A. edit(x[2..k],y[2..4])
B. 1+ edit(z[l..k],y[2..4])

C. 1+ edit(x[2..k],y[1..4]) Q How '\'O 'make fQC.\A('&.\\Ie
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min H sing\e. character ihse\’\'ions,

C&C&'ﬁ\hé ec;\'\' d\QVQHC.Q- deléfions, and substitutions

To convert x o .
Designing o reculsive a\ac'f '\TLm
D Recursive speaSication

* dedaces nput/output of ol
* Teorticod ol must SWSN
* nducfien hypdhesis Jor correctness

@ Imp\e.me,n'\‘ spec
3 Prove cocrectness



. . . in # single charocfer insecTions,
Co\dmhé e&\‘\' O\\$V ance o\e\enogn_s, ond substititions

fo convert X wio Y.

XAQQ Deéigning a recursive algerithem
D Recursive speadicalion
* Save answeres Yo eacdh subprddlem e
@ Implement spec
* Neves soWe Some subproblem Twice, ® Prove, corvectness

1. wdex Pocamelers Yo be more Cathe-Friendly
D Recucsive specsication \&f %T1.m\ Y120 be $ixed

edit(7,j) = the minimum number of edit operations to convert x[i..m]
into y|j..n/|.

@ ]:mP\e.me,n‘\' spec
edit(i, /)

1. If + > m and 57 > n then return O.

. If 2 > m then return n — j.

LI g >n th.en return m — .

CIf x[\] # y[}] then return min{l +edit(i +1,j),1 +edit(s,j +1),1 +edit(z+ 1,5+ 1)}.
. Otherwise return min{edit(¢ + 1,7+ 1),1 +edit(i +1,7),1 +edit(é,j +1)}.

o S~ W DN



Cochin 0 edW difance
Tdeo:
* Save ongwers To eoch .Su‘ow'c‘o\em

" Nevexr soWe somne subproblem Ywice.

2. angmeny recursive code wi C—oxc-\\'mg_

cached-edit(z,7)

/* Implements the same recursive spec as edit(i,j), but assumes there is an m X n array
All.m,1.n| (“A” for “Answer”) allocated in global memory, with all entries initially set to
null. */

1. If « > m and 5 > n then return 0.
. If © > m then return n — j.

. If j > n then return m — i.
. If Afi, 7] is null:
A. If z[1] # y[1] then set J, M )

Ali,j] = min{l + edit(i +1,7),1 +edit(é,j +1),1 +edit(i + 1,5+ 1)}.

p° Q) J

Ali, j| = min{edit(i 4+ 1,5+ 1),1 +edit(i + 1,7),1 +edit(s,j + 1)}.

AW N

B. Otherwise set

5. Return Ali, j].

min H sing\e. character inse\’\'ions,
deléfions, and substititions
To convert x o .
Deéign'mg o reculsive a\gof"'n-m
@ Rﬁﬁ:(;sﬂ‘/ix 33:@‘:‘@\0*\

* conicod” olge mudt SUSN
* nducfien hypdhesis Jor correctness

@ xmp\e.me,n'\' spec
3 Prove cocrectness

4. Wdex por owmelers o be wore Cur)\z-sr'\ad\j
@ Recursive speasicafion \ef x[4.m), yT1.20) be Fixed

edit(i,j) = the minimum number of edit operations to convert z[i..m|
into y[j..n].

@ Tmplement spec

edit(i,j)

1. If i > m and j > n then return 0.

2. If i > m then return n — j.

3. If j > n then return m — i.

4. If z[1] # y[1] then return min{1l +edit(i +1,7),1 +edit(i,j +1),1 +edit(i+ 1,5 +1)}.
5. Otherwise return min{edit(i + 1,5 +1),1 +edit(i + 1,5),1 + edit(i,j + 1)}.
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. y . min H single character inse\’\'ions,

CO\C&'Q\hé Q,C;\-\— d\g‘QhC.Q- o\e,\e‘.\'iogn_s, and substititions
To convert x o .

[ SQVQ QY\SWO.CS TQ QQC}\ S“B?r£em De.sign'mg o reculsive a\aor'rn.m
D Recursive speaficalion

+ dedoces inpWi/omtput o5 olgo

° Neves SoWe some S\kpf og\e.‘m '\‘w'\ce.. Stu Ao S
@ Implement spec
3 Prove cocrectness

3. muamexs'\ recucsive code wl coxd\'mg

cached-edit (Z ,]) 4. Wdex porometers Yo be wmote Cur)\z-sr'\ar\d\j

/* Implements the same recursive spec as edit(i,j), but assumes there is an m X n array D Recutsive speasication \of x[L.m), YL be Sixed,
. . . e ey e dit(i,7) = the ini b f edit tions t t xfi..
All.m,1.n] (“A” for “Answer”) allocated in global memory, with all entries initially set to 5, ;Z[]J)n] © minimum munber of edit operations to convert afi..m]
null. */ @ Tmplement spec
edit(i,j)
1. If « > m and j > n then return 0. 1. 104> m and j > n then retum 0.
2. If i > m then return n — j.
. If ’I: > m then I‘eturn n — j' 3. If j > n then return m — i.
4. If z[1] # y[1] then return min{1l +edit(i +1,7),1 +edit(i,j +1),1 +edit(i+ 1,5 +1)}.
5. Otherwise return min{edit(i + 1,5 +1),1 +edit(i + 1,5),1 + edit(i,j + 1)}.

If 7 > n then return m — .

AW N

. If A7, j] is null:

A. TIf z[1] # y[1] then set AYﬁ.m'iJ\_S \§ (0 N

Ali,j] = min{l +edit(i +1,5),1 +edit(i,j +1),1 +edit(i + 1,5+ 1)}. I-Am o“(o\l \V\

B. Otherwise set g\ob\ W\Q_\\\o(\/

Ali,j] = min{edit(i+ 1,5 +1),1 +edit(i +1,7),1 +edit(i,j+1)}.

5. Return Ali, j].



cached-edit(i,j)

/* Implements the same recursive spec as edit(i,j), but assumes there is an m X n array
All..m,1..n] (“A” for “Answer”) allocated in global memory, with all entries initially set to
null. %/

1. If i > m and j > n then return 0.
If ¢ > m then return n — j.

If 7 > n then return m — .

If Ali, j] is null:

A. If z[1] # y[1] then set

AW N

A[’L,]] = mm{l + edit(i + 1,j), 1+ edit(i,j + ]_), 1+ edit(i + 1,] + 1)}
B. Otherwise set
Ali, j] = min{edit(i+1,j + 1), 1 + edit(i +1,5),1 +edit(i,j + 1)}.

5. Return A, j.
R\l\ﬂv{\n 3 '\'\me.
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Cod\'ma, aX.a. dynamic progmmmingz

2. 1fi > m then return n — j.
3. If j > n then return m — i.
4. If A[i, j] is null:
A. Tf 2[1] # y[1] then set
[ ]
9 r Q C \ \ L \ & O Ali,j] = min{1 +edit(i + 1,5), 1+ edit(i,j +1),1 +edit(i+ 1,5+ 1)}
T WlSive O'go \\O\S Po YOI S
Ali, j] = min{edit(i + 1,j + 1), 1+ edit(i + 1,j),1 + edit(i,j + 1)}
' ‘ a \ \ 5. Return Ali, jl.
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cached-edit(i, )

o ,
° /% Implements the same recursive spec as edit(i, ), but assumes there is an m x n array
‘ c m A[l.m, 1..n] (“A” for “Answer”) allocated in giobal memory, with all entries initially set to
° *
1. Ifi > > n then return 0.
2. If i > m then return n — j.
3. 1f j > n then return m — i.

1. recucsive spec

1 . fu“fs.‘ve ‘mﬁew\eﬁ&‘ On o A[i,j:[i,ﬂ=min<edit<i+1 G114 edit(i+1,7), 1+ edit(ij+ 1))
. ” . * 4 . .o Rannna, Time
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Sample solution.

Problem. Design and analyze an algorithm that, given two strings x[1..m] and y[1..n], computes
the edit distance from z to y.

Solution.

1. Recursive spec / induction hypothesis. Let z[1..m]| and y[1..n] be two strings. We define

edit(i,j) = the minimum number of edit operations to convert z[i..m] into y[j..n].

2. Recursive implementation.

edit(i,7)
1. If i > m and 7 > n then return 0.
. If « > m then return n — j.

2
3. If j > n then return m — 1.
4

. If z[1] # y[1] then return
min{l +edit(i+1,7),1 +edit(i,j+ 1), 1 +edit(i+ 1,5+ 1)}.

5. Otherwise return min{edit(: + 1,5+ 1),1 +edit(: +1,7),1 +edit(i,j + 1)}.

3. Solving the original problem. edit(1,1) gives the edit distance between z[1..m] and y[1..n].

4. Running time with caching / dynamic programming. We apply dynamic programming to
the recursive algorithm above. We have O(mn) subproblems, each of which take O(1) time
excluding recursive subcalls. Thus the total running time is bounded by

time per
(# subproblems) subproblem < O(mn).
excl. recursive calls

5. Proof. We prove that edit(i,j) satisfies the recursive spec for all i € {1,...,m+ 1} and
j€{l,...,n+ 1}, by induction on min{m —i,n — j}.
It is easy to see that edit(i,7) returns the length of some edit sequence from z[1..m] to

'rexn?\ti\'e S‘o( s dass’
1 recucsive spec
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Exercise 1. Below is a series of optimization problems that takes as input an array A[l..n]
of integers, and asks for optimal subsequences of A satisfying certain properties.” Design
and analyze an algorithm for each of these problems, addressing items 1-5 from section 2.

1. A sequence of numbers 1, ..., x is (strictly) increasing if x; < x;41 fore =1,... k—1.
Compute the length of the longest increasing subsequence of A.

2. A sequence of numbers x1,...,x is conver if ;01 —x; > x;—x; 1 fori=2,... k—1.
Compute the length of the longest convex subsequence of A.

3. Compute the maximum sum of any increasing subsequence of A.

4. Compute both:

e the length of the longest increasing subsequences of A where the sum of integers
1S even,

e the length of the longest increasing subsequence where the sum of integers is
odd.
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1. A sequence of numbers 1, ..., x is (strictly) increasing if x; < x;41 fori =1,... k—1.
Compute the length of the longest increasing subsequence of A.
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1. A sequence of numbers 1, ..., x is (strictly) increasing if x; < x;41 fori =1,... k—1.
Compute the length of the longest increasing subsequence of A.
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1. A sequence of numbers 1, ..., x is (strictly) increasing if x; < x;41 fori =1,... k—1.
Compute the length of the longest increasing subsequence of A.
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Sample solution.
Problem. (Exercise 1 problem 1) Let A[l..n| be an array of integers. A sequence of numbers
x1,...,x is (strictly) increasing if z; < x;41 for i = 1,...,k — 1. Compute the length of the
longest increasing subsequence of A.

Solution.

1. Recursive spec / induction hypothesis. For i € {1,...,n}, we define

LIS(i) = the length of the longest increasing subsequence of A[i..n] where the
subsequence starts with A[i].

(Here LIS stands for longest increasing subsequence.)
2. Recursive implementation.

LIS(i)

1. If A[i] > A[j] for all j > i then return 1.

2. Otherwise return the maximum of
1+ LIS(H)

over all indices j > 7 with A[j] > A[i].

3. Solving the original problem. The maximum of LIS(7) over all i € [n] gives the length of the
longest increasing subsequence in A.

4. Running time with caching / dynamic programming. With dynamic programming, the
running time is O(n?), where we have n subproblems each of which take O(n) time (to iterate
over j > i, in steps (1) and (2)).

Remark 6.1. We emphasize that the recursive spec essentially solved the entire problem.

Remark 6.2. It is well known that there are faster algorithms but that is besides the point.




6 Exercises

In addition to some of the exercises below, there are many freely available exercises with
similar themes as this chapter. See for example the exercises in | , Chapter 3].%

Exercise 1. Below is a series of optimization problems that takes as input an array A[l..n]
of integers, and asks for optimal subsequences of A satisfying certain properties.” Design
and analyze an algorithm for each of these problems, addressing items 1-5 from section 2.'°

1. A sequence of numbers x1, . ..,z is (strictly) increasing if x; < ;41 fori=1,... k—1.
Compute the length of the longest increasing subsequence of A.

2. A sequence of numbers x1, ...,z is convex if x;41 —x; > x;—x;—1 fori=2,... k—1.
Compute the length of the longest convex subsequence of A.

3. Compute the maximum sum of any increasing subsequence of A.
4. Compute both:

o the length of the longest increasing subsequences of A where the sum of integers
is even,

o the length of the longest increasing subsequence where the sum of integers is
odd.

5. Suppose each entry in A is also colored red, white, or blue. We say that a sequence
is American if the colors alternate red, white, blue, red, white, blue, ... The first
number in the sequence can be any color. Compute the length of the longest increasing
American subsequence of A. (You can assume that you can look up the color of A[i],
for any i € [n], in constant time.)

6. A sequence x1,...,x; is a palindrome if the reversed sequence is the same; i.e.,
(z1,...,2k) = (xg,...,21). For example,

mom, dad, racecar, and gohangasalamiimalasagnahog

are all palindromes. Compute the length of the longest palindrome subsequence of A.

7. Compute the length of the shortest supersequence of A that is a palindrome.'!

8The exercises in | , Chapter 3] under the heading of “Trees and Subtreees” are better suited for ??
of these notes.
9A “subsequence” of z1, . .., , is a sequence of the form x;, , Ts,, . . . , iy, where 1 <4; <idg < --- <1 <.

10 T particular, no proof is required. We will interpret your recursive spec as the inductive hypothesis of
a proof by induction, and fill in the the rest of the details ourselves. That said, some additional commentary
may help the grader, especially in the event of partial credit.

119[:1, ..., Tk is a supersequence of yi1,...,ye if y1,...,y¢ is a subsequence of x1,...,Tk.
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Sample solution.
Problem. (Exercise 1 problem 1) Let A[l..n] be an array of integers. A sequence of numbers
X1,...,2 is (strictly) increasing if 2; < x;41 for ¢ = 1,...,k — 1. Compute the length of the
longest increasing subsequence of A.

Solution.

1. Recursive spec / induction hypothesis. For i € {1,...,n}, we define

LIS(i) = the length of the longest increasing subsequence of Ali..n] where the
subsequence starts with A[i].

(Here LIS stands for longest increasing subsequence.)
2. Recursive implementation.

LIS()

1. If Ali] > A[j] for all j > i then return 1.

2. Otherwise return the maximum of
1+ LIS(y)

over all indices j > i with A[j] > A[d].

3. Solving the original problem. The maximum of LIS(¢) over all ¢ € [n] gives the length of the
longest increasing subsequence in A.

4. Running time with caching / dynamic programming. With dynamic programming, the
running time is O(nQ), where we have n subproblems each of which take O(n) time (to iterate
over j > i, in steps (1) and (2)).

Remark 6.1. We emphasize that the recursive spec essentially solved the entire problem.

Remark 6.2. Tt is well known that there are faster algorithms but that is besides the point.
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