













































































SAT

a different kind of search problem
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Adding two bits x andy Xly

in É can

I if X TX 2 73 4 XOR exclusiveor trueist x

f 1,712,73 4 5 xx GantzVLAAR
O otherwise as a tree V

61,712,713,74 x AXzAx31x4
E E a

V66 nx
Alex vxz Axa
VEG vxz AX4
















































































Adding two bits f x x x x
1 if it 2 73 4

otherwise
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Booleanlogic XyETRUEFALSE 1,0

SAT Programming Language andy xx

in corn
11 n XOR exclusiveor Trueiff
X and y MY flya x x ̅ V 1 2

X or y Vy
as a tree v

not x ̅ or TX x ̅ x ̅

Addingtwobits
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Booleanlogic XyETRUEFALSE 1,0

SAT Programming Language andy x

in corn
11 n XOR exclusiveor Trueiffx
X and y MY flya x x ̅ V 1 2

X or y Vy
as a tree v

not x ̅ or TX x x ̅ x ̅

Addingtwobitsboth true or both false
5111 2,34 hefty 3 4

z x ADVENT flx2,3 4 x 1 21 31 4
VK.az
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Booleanlogic XyETRUEFALSE 1,0

SAT Programming Language andy xx

in corn
11 n XOR exclusiveor Trueiffx
X and y MY flya x x ̅ V 1 2

X or y Vy
as a tree v

not x ̅ or TX x x ̅ x ̅

Addingtwobitsboth true or both false
511 2,34 hefty 3 4

z x ADVENT flx2,3 4 x 1 21 31 4
VK.az
1CxixzAX4

if theny x 1 1 or 1 0,2 15 VHxNxNx ̅

else 3 Ny V xA̅z
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So Boolean algebra is very expressive
















































































Booleanlogic XyETRUEFALSE 1,0

Boolean Satisfiability informally x andy XAY

in corn

Input Boolean formula G X Xz Xn XOR exclusiveor cnn.si

f xX2 Cx1x2 V xTAXz
n variables size m

as a tree V

false true false

e.g 910,1 0,0 m 1,1 0 X X x ̅

Addingtwobits
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Goal decide if 4 is satisfiable fly2,3 4 x 1 21 31 4
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e.g 96 Xz i
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Booleanlogic XyeTRUEFALSE 1,0

Boolean Satisfiability x andy Xly

Input Boolean formula 914 2
m n int É corn

N variables size m XOR exclusiveor trueist

56,727 6,175 VG Az
false true

e.g 910 I 0,0 m I 1 8 as a tree v

Goal decide if 4 is satisfiable a a

i e if there exists x Xz m X E 0,13 Addingtwobits
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search problem we can recognize an Havana
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answer e.g satisfying assignment x when
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we see it by evaluating 5 x
I

x Iat the very least we can try all x
SAT ProgrammingLanguage

bothtrueorbothfalse

harder search problem than over under ex Gaven
isxtheny gig ÉÉÉzelsez
















































































Booleanlogic XyeTRUEFALSE 1,0

Boolean Satisfiability x andy Xly

Input Boolean formula 9 x xz m n in É corn

N variables size m XOR exclusiveor trueist

56,727 6,175 VG Az

e.g 918 I O O m 1,17 8 as a tree v

Goal
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utexixa
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answer e.g satisfying assignment x when
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we see it by evaluating f x it is iti i
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SAT ProgrammingLanguage
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Booleanlogic Xye TRUEFALSE 1,0

x andy Xly

I É É cornIs there a polynomial time algorithm SAT ProgrammingLanguage

I

simian
bothtrueorbothfalse

A z X GAV EAT
if x theny

Gay VixAz
Boolean SatisfiabilityIdeas Input Booleanformula96x n

n variables size m

e.g 918 I O O n 1 1

Goal decide if 4 is satisfiabl
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sit 66 x2 m xn L

searchproblem wecan recognize an
answer e.gsatisfyingassignment x when
we seeit byevaluating f x
attheveryleast we can tryall x
harder searchproblemthanoverland
















































































Booleanlogic Xye TRUEFALSE 1,0

The Big Question andy xx

in cornIs there a polynomial time algorithm SAT ProgrammingLanguage
bothtrueorbothfalsefor Boolean satisfiability

if theny
else3

BooleanSatisfiability

Prog Cons Input Booleanformula96 x m

nvariables size m

eg 91 0,0 m 1,1
Boolean logic is Boolean logic is Goal decide is 4 is satisfiabi

i.fi h xamxneo

very simple very expressive
searchproblem wecan recognizeanUniversal answer e.gsatisfyingassignment x whennatural for computing

man
harder searchproblemthanoverlund

Easy to evaluate too good to be true
boolean functions

OK what about special cases
















































































The Big Question
Is there a polynomial time algorithm
for Boolean satisfiability
















































































Booleanlogic XyE TRUEFALSE 1,0
CNF Conjunctive Normal Form x andy Xly

and of or's in com

SAT ProgrammingLanguage

exf x m Xn i if theny 1or1 025
else3 Ny VCxA̅z

Boolean Satisfiability

x ̅ VXzVXj A A nvm An Input Booleanformula9ha.am
n variables size m

eg 91910,0 m 1,1

NF's have flat trees Goal decide if 6 is satisfiabi

i.fi k yi mxneo
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we seeit byevaluating5x
attheveryleast we can tryall
harder searchproblemthanoverlund

TheBigones nV V V Is there a polynomialtimealgorit
forBooleansatisfiability
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Booleanlogic Xye TRUEFALSE 1,0
CNF Conjunctive Normal Form xandy xx

and of or's in com

SAT ProgrammingLanguage
I 611 bothtrueorbothfalse

think cause

x ̅ VXzVx3̅ 1 TWIN mm Am
Boolean satisfiability
Input Booleanformula917,2 m

n variables size m
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CNF SAT problem Goal decide if 4 is satisfiabi
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Given boolean formula f in CNF decide searchproblem wecan recognize an
answer e.gsatisfyingassignment x whe

if f is satisfiable we seeit byevaluating 61
attheveryleast we can tryall
harder searchproblemthanoverlund

TheBigQuestion
Is there a polynomialtimealgorit

More modest Question forBooleansatisfiability

Is there a polynomial time algorithm
for CNF satisfiability
















































































Booleanlogic Xye TRUEFALSE 1,0

More modest Question andy x1y

in cornIs there a polynomial time algorithm SAT ProgrammingLanguage
for CNF satisfiability trueorbothfalse

my

BooleanSatisfiabilityProg Cons Input Booleanformula917 2,7
nvariables size m

eg 91 I O 0 m 1,1CNF formulas CNF formulas are also Goal decide if 6 is satisfiabl

are even simpler very expressive iiiin S man

universalnatural for computing answer e.gsatisfyingassignment x when
we seeit byevaluating5x
attheveryleast we can tryall
harder searchproblemthan overund

uper easy to evaluate too good to be true TheBigQuestion
Is there a polynomialtimealgorit

CNF formulas
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Mrutthisf.fiand of or's
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CNF7SATproblem
Given booleanformulaf inCNFdeci
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Booleanlogic Xye TRUEFALSE 1,0
CNF SAT Programming xandy xx

Ay in comx and y
or y xp

language

11 SAT ProgrammingLanguage

ex E
if theny x2 1or10,217

not x x ̅ or TX elsez AnyVlxn̅z
Boolean Satisfiabilityboth true or both false
Input Booleanformula911,2 m

Z X 2N V EAF variables size m

eg 91 0,0 m 1,1

ZV ZAx ̅ A XV ZAx ̅ Goal decide if 6 is satisfiabi

i.fi y I
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answer e.gsatisfyingassignment x when
we seeit byevaluating5x
attheveryleast we can tryall
harder searchproblemthanoverlund
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forBooleansatisfiability
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Given booleanformulaf inCNFdeci
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Booleanlogic XyE TRUEFALSE 1,0
CNF SAT Programming xandy xx

Ay in comx and y
or y y

language

11 SAT ProgrammingLanguage

ex E
x ̅ if theny x2 1or10,217

not x or TX elsez GayVCxn̅z
Boolean Satisfiabilityboth true or both false
Input Booleanformula96xz m
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eg 91 0,0 m 1,1
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answer e.gsatisfyingassignment x whenZVI A XVI we seeit byevaluating 67
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harder searchproblemthanoverlundif then y

1 Fl or 7 0 2 1
TheBigQuestionelse 3 Ny xA̅z forBooleansatisfiability

and of or's
f x Xn clause

xV̅XzVx3̅1CxT̅Vx AGVIm
CNF7SATproblem
Given booleanformulaf inCNFdeci
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Booleanlogic XyE TRUEFALSE 1,0
CNF SAT Programming xandy xx

Ay in comx and y
or y y

language

11 SAT ProgrammingLanguage

ex E
x ̅ if theny x2 1or10,217

not x or TX elsez GayVCxn̅z
Boolean Satisfiabilityboth true or both false
Input Booleanformula96xz m

Z X zAx V ZAx ̅ variables size m

eg 91 0,0 m 1,1
zV ZAx ̅ A XV Z A x ̅ Goal decide if 6 is satisfiabi

i.fi k yi mxneo
ZVZYACzVX ACXVZ ACxVxJ̅

searchproblem wecan recognize an
answer e.gsatisfyingassignment x whenZVI A XVI we seeit byevaluating 67
attheveryleast we can tryall
harder searchproblemthanoverlundif then y

1 Fl or 7 0 2 1
TheBigQuestionelse 3 Ny xA̅z forBooleansatisfiability

and of or's
f x Xn clause

xV̅XzVx3̅1CxT̅Vx AGVIm
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Booleanlogic Xye TRUEFALSE 1,0
CNF SAT Programming Language xandy xx

Ay in comx and y
11 SAT ProgrammingLanguage
X Or y VY bothtrueorbothfalse

Is mynot x ̅ or 7 7
both true or both false Boolean Satisfiability

Input Booleanformula911,2 m
Z X 2N V EAF variables size m

eg 91 0,0 m 1,1
zV ZAx ̅ A XV Z A x ̅ Goal decide if 6 is satisfiabi

i.fi k s mxneo
ZVZYACzVX ACXVZ ACxVxJ̅

searchproblem wecan recognize an
answer e.gsatisfyingassignment x whenZVI A XVI we seeit byevaluating 67
attheveryleast we can tryall
harder searchproblemthanoverlundif then y

1 Fl or 7 0 2 1
TheBigQuestionelse 3 XML x ̅AZ Is there a polynomialtimealgorit
forBooleansatisfiability

XVx ̅ yVx ̅ A XVz A XVI CNF conjunctivenormalForm

and of or's

yVx ̅ A XVz A XVI shrink ans

xV̅XzVx3̅1CxT̅Vx AGVIm
CNF7SATproblemSo CNF 1 Given booleanformulaf inCNFdecis also very expressive if issatisfiable



Booleanlogic Xye TRUEFALSE 1,0

More modest Question andy x1y

in cornIs there a polynomial time algorithm SAT ProgrammingLanguage
for CNF satisfiability trueorbothfalse

if theny
else3

We don't know this either Boolean satisfiability
Input Booleanformula911,2 m

nvariables size m

But we do know e.g 91 I O 0 m 2 1

Goal decide if 4 is satisfiabl

iii a S macro

Theorem There is a poly time a go for searchproblem wecan recognize an
answer e.gsatisfyingassignment x when
we seeit byevaluating5xBoolean SAT iff there is a poly time algo attheveryleast we can tryall
harder searchproblemthanoverlund

for CNF SAT TheBigQuestion
Is there a polynomialtimealgorit
forBooleansatisfiability

CNF ConjunctiveNormalForm

and of or's
f x m Xn
EvansncÉÉÉÉncnm
CNF7SATproblem
Given booleanformulaf inCNFdeci
if f issatisfiable



Booleanlogic XyeTRUEFALSE 1,0
Theorem there is a poly time algo for x andy Xly

Boolean SAT iff there is a poly time algo in com

for CNF SAT SAT ProgrammingLanguage

ex E
Proof obviously algo for Boolean SAT is them aelse3

is algo for CNF SAT Boolean Satisfiability
Input Booleanformula911,2 m

n variables size m

how to argue that algo for
CNF SAT cg 91 0,0 2 2

Goal decide if 4 is satisfiabl

algo for Boolean SAT i.in S man

searchproblem wecan recognize an
answer e.gsatisfyingassignment x when
weseeit byevaluating5xLemma There is a polytime algo that
harder searchproblemthanoverlund

given a boolean formula f x Xn Of TheBigQuestion
Is there a polynomialtimealgorit

size m computes a CNF g x
m Xp w

ÉÉÉÉ

CNF ConjunctiveNormalForm

p O mtn variables and size 0cm sit and of or's
f x in clause

xV̅XzVx3̅1CxÑ̅V1Gv 1mis satisfiable g is satisfiable connsatproblem
Given booleanformulaf inCNFdeci
if f issatisfiable



Lemma There is a polytime algo that given a boolean Booleanlogic yeTRUEFALSE 2,0

ormula f x Xn of size m computes a CNF glx.imxp
x andy 14

w p O mtn variables and size 0cm sit in co x

f is satisfiable g is satisfiable CNFSATProgrammingLanguag

V
ex

mniiiiifiii
1

CyVxN̅XVzAG

VK.nxaDACEVT.MY
T V

11 11 11VX X2 4I 7 X
X X2

V

1k 72,3 4
1 if it 2 73 4

X2otherwise



Booleanlogic XyETRUEFALSE 1,0

Preprocessingstep x andy Ay

i cornconvert to binary boolean formula
CNFSATProgrammingLanguag

a z x

V

nuiiiiifii5
A 1

yVxN̅XVzACx

1 1
1 1 11 ii
X X x ̅

1

11 11 11VX 2 14
11 7 x ̅

X X2 1
V

X X2X3 4
1 if it 2 73 4 X X2otherwise
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Booleanlogic XyeTRUEFALSE 1,03

CNF SAT Programming Language xandy XAY

Ay in comx and y
SAT ProgrammingLanguage

x or y xvy
not x ̅ or adf.hnfffig

bothtrue or bothfalse

Z X A V ENT
InputBL n

e.g 91 0,0 m 1,1
EVENT A XVEAx ̅

I EE IZVZYACzVXACXVZNxVxJ̅
searchproblem wecanrecognizean
answer e.gsatisfyingassignment x whenZVx ̅ A XVI man
harder searchproblemthanoverunderif x theny 1 1 or 7 0 21
TheBigQuestionelse 3 Ny x ̅Az E s

timealgorithm

XVxÑ̅CyVx ̅NXVzACXVZ one commie
and of or's

CyVx ̅NXVzACXVZ
man

CNF7SATproblem
Givenbooleanformulaf inCNFdecideSo CNF is also expressive is issatisfiable



Booleanlogic XyETRUEFALSE 1,0

X 1 21 37 x andy Ay
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CNFSATProgrammingLanguag
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Booleanlogic XyE TRUEFALSE 1,0

x andy XAY
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CNFSATProgrammingLanguag
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enyaiigiiif.fi

Xy CyVxN̅XVzAG
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Booleanlogic XyeTRUEFALSE 1,0Theorem there is a poly time algo for x andy Xly

Boolean SAT iff there is a poly time algo in com

for CNF SAT SAT ProgrammingLanguage

ex E
Proof obviously algo for Boolean SAT is them aelse3

is algo for CNF SAT BooleanSatisfiability
Input Booleanformula917,2 m

nvariables size m

how to argue that algo for CNF SAT
cg 91 0,0 2 2

Goal decide if 4 is satisfiabl

algo for Boolean SAT i n

searchproblem wecan recognize an
answer e.gsatisfyingassignment x when
we seeit byevaluating5xLemma There is a polytime algo that
harder searchproblemthanoverlund

given a boolean formula fly ma of jf.fi
fffijiififffffyjsize m computes a CNF g x m Xp w forBooleansatisfiability

CNF ConjunctiveNormalForm

p O mtn variables and size 0cm sit and of or's
f x in clause

xV̅XzVx3̅1CxT̅Vx 1GVIm
is satisfiable g is satisfiable cantasatproblem

Given booleanformulaf inCNFdeci
if f issatisfiable



Booleanlogic XyeTRUEFALSE 1,0

more special case 3 SAT x andy Ay

in cornike CNF SAT except w exactly 3 variables
CNF ConjunctiveNormalForm

per clause and of or
f x in clause

xV̅XzVx3̅1CxÑ̅VAGVImIFI
CNE SATproblemI 111
Given booleanformulaf inCN

f x m Xn decide if f issatisfiable
CNFSATProgrammingLanguag

x ̅ vxzVx3̅ 1 savarin ex

I em

Is there a polytime algo for 3 SAT yvxN̅xIN
Theoremthereis apolytimealgoYesNonot BooleanSA

Vol for CNF
thereis apolytime

LemmaThere is a polytimealgo th1 15 30
given a booleanformula 4 in
size m computes a CNFgx XpTheorem there is a poly time 9195588ftp.ocmtn variablesandsize0cm s

f is satisfiable g issatisfiableBoolean SAT iff there is a poly timelings
for 3 SAT



Booleanlogic XyeTRUEFALSE 1,0

Theorem there is a poly time algo for xandy any

Boolean SAT iff there is a poly time algo
For AT nai

and of or's
f x Xn clause

xV̅XzVx3̅1CxT̅Vx AGVImhow to prove this CNF7SATproblem
Given booleanformulaf inCN
decide if f issatisfiable
CNFSATProgrammingLanguag

z x

I em If
CyVxN̅XVzACX

Theoremthereis apolytimealgo

If thereis
apolytime

iii sit c
size m computes a CNFgx Xp
p 0 mtn variablesandsize0cm s

f is satisfiable g issatisfiable

3 SAT likeCNFSATexceptw
exactly 3 variables perclaus



Booleanlogic Xye TRUEFALSE 1,0

x andy Xly

Boolean SAT iff there is a poly time algo

poem there

a meansomaasin

3 SAT
I p

yyijg.ggfor CNF ConjunctiveNormalForm

and of or's

t.IEhcii.snarnhow to prove this cont SATproblem

decide if f issatisfiable
CNFSATProgrammingLanguag

za EI titisshow how to convert any CNF to 3 SAT

else qIT.FI
5

if x thenyw similar total size
CyVIACxvzIAG

Theoremthereis apolytimealgof
BooleanSAT iffthereis apolytime
for CNFSAT
LemmaThere is a polytimealgo th
given a booleanformula fly n xn
size m computes a CNFglx xp

same proof ideas as before

p OCmtn variablesandsize0cm s

3 SAT likeCNFSATexceptw
exactly 3 variables perclaus



source sink

e g circuits

OR exclusive or Addition
TRUE iff X2

f x 2 x x2̅ V x ̅ 1 2 f x x x x
1 if it 2 73 4

otherwise



definition

logical gates arranged as vertices

in a directed acyclic graph

gates take some inputs bits output 1 bit

and gate

or gate
0

also output gate

not gate

input gate



logicalgates nged as vertice

Circuit SAT in a directedacyclicgraph

given a circuit decide if it gates takesomeinputsbitsoutput1bit

andgate
also outputgateis satisfiable orgate

a notgate

inputgate

Theorem there is a poly time algo for
Boolean SAT iff there is a poly time algo
for Circuit SAT



Conclusion

We want but don't have polynomial time algos for

Boolean SAT CNFSAT 3 SAT or Circuit SAT

But we do know they are equivalent up to

polynomial time


