





































































































Spanning Trees
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GOAL connect town w minimum amount

of electrical wire








































































































no reason to have cycles y
t.E.IE

biased towards short
wires

unused wires have alternative

paths which may be longer








































































































G V E undirected FEE subset of edges

circuit talk that startslends at same vertex

forest set of edges w no circuits

IF

µ
IT

Tree forest w one connected component








































































































G V E undirected SEE

d

of e are connected by s

span s e EE S spans e

S is spanning if S spans

every EEE








































































































circuit Effi'antes lends

Forest setof edges w no circuits

I compute a forest FEE of TIFF K

2 problems

as spans er is endpoints
maximum cardinality or weight Tree forest w 1 conn componen

egged's
2 Compute a spanning set SEE of

minimum cardinality or weight
span s EEE S spans e
S is spanning if S spans








































































































2 problems
I compute a forest FEE of
maximumcardinality or weight

et G V E be connected

minimumcardinality orweight

Lemma FEE forest SEE spanning Then 2 compute a spanningset SEE of

IF I I n I E ISI

Forest setofedges w no circuits

W
Tree forest w 1 conn compone

s

aÉÉi
is

span s eeE S spans e

S is spanning if S spans
every EEE








































































































2 problemsG V E connected
I compute a forest FEE of

Lemma FEE forest SEE spanning Then
maximumcardinality or weights

2 compute a spanningset SEE of

IF I I n 1 E S minimumcardinality orweight

Proof let 5 0 be an empty forest forest setofedges w no circuits

Tree forest w 1 conn compone

s spans

jigged

points

y

of e are connected byS

FE

H span s eeE S spans e

S is spanning if S spans

each edge decreases connected components

by 1 from n down to 1








































































































2 problemsG V E connected
I compute a forest FEE of

Lemma FEE forest SEE spanning Then
maximumcardinality or weights

2 compute a spanningset SEE of

IF I I n 1 E S minimumcardinality orweight

roof let S be a spanning set

Tree forest w 1 conn compone
d S

e

s spans

yid
points

of e are connected bys

to

span s eeE S spans e

S is spanning if S spans
if we delete an edge conn components

increase by at most 1

deleting all edges n conn components








































































































2 problemsG V E connected
I compute a forest FEE of

Lemma FEE forest SEE spanning Then
maximumcardinality or weights

2 compute a spanningset SEE of
minimumcardinality orweightFIEF HIS MEN BEATS circuit EEEneat lends

Forest setofedges w no circuits

FFFclaim IF I I n KE 1st Tree forest w 1 conn compone

s spans

jigged

points

why of e are connected bys

span s eeE S spans e

S is spanning if S spans








































































































2 problems
FEE forest I compute a forest FEE of

maximumcardinality or weight

2 compute a spanningset SEE ofF is a maximal forest is for all ee EIF minimumcardinality orweight

Fte is not a forest circuit Étianya.esIslends
Forest setofedges w no circuits

F is a maximum forest if it has maximum
HEFTsize over all forests Tree forest w 1 conn compone

S spans e if endpoints
EE spanning

egged'sS is a minimal spanning set it for all ee S

S e is not a spanning set span s eeE S spans e

S is spanning if S spans
every EEEs is a minimum spanning set if it has G has k conn component

minimum size over all spanning sets FEE forest SEE spannin
then IF I I n K E 1st








































































































2 problems
Theorem FEE forest SEE spanning 1 compute a forest FEE of

maximumcardinality or weight

2 compute a spanningset SEE of1 If F is maximal forest then F is spanning minimumcardinality orweight

circuit thatstartsends
2 If S is minimal spanning set then S is a forest at same vertex

forest setofedges w no circuits

Corollary
globally Tree forest w 1 conn compone

Maximal forests are maximum forests s spans e if endpoints

globally of e are connected byS
Minimal spanning sets are minimum spanning s

sets

In both cases they are spanning forests
w span s eeE S spans e

S is spanning if S spansn k edges every e E

G has k conn component
FEE forest SEE spannin
then IF n k 151








































































































2 problems
Theorem FEE forest SEE spanning I compute a forest FEE of

maximumcardinality or weight

2 Compute a spanningset SEE of1 If F is maximal forest then F is spanning minimumcardinality orweight

circuit Eijiante lends
2 If S is minimal spanning set then S is a forest forest setofedges w no circuits

EFFTree forest w 1 conn compone

s spans

jigged

points
of e are connected bys

span s eeE S spans e

S is spanning if S spans
every ee E

G has k conn component
FEE forest SEE spannin
then IF I I n K E 1st








































































































2 problems
Theorem FEE forest SEE spanning I compute a forest FEE of

maximumcardinality or weight

2 Compute a spanningset SEE of1 If F is maximal forest then F is spanning minimumcardinality orweight

circuit Eijiante lends
2 If S is minimal spanning set then S is a forest forest setofedges w no circuits

EFFTree forest w 1 conn compone

s spans

jigged

points
of e are connected bys

span s eeE S spans e

S is spanning if S spans
every ee E

G has k conn component
FEE forest SEE spannin
then IF I I n K E 1st








































































































2 problems
Theorem FEE forest SEE spanning I compute a forest FEE of

maximumcardinality or weight

2 compute a spanningset SEE of1 If F is maximal forest then F is spanning minimumcardinality orweight

2 If S is minimal spanning set then S is a forest I i Ij É jamCorollary
globally Tree forest w 1 conn compone

Maximal forests are maximum forests s spans

egged

points
of e are connected bys

Minimal spanning sets are
minimum spanning

sets

In both cases they are spanning forest
w span s eee S spans e

s is spanning ite IEn k edges
G has k conn component
FEE forest SEE spanninCorollary If G is connected there is
then IF I I n KE 1st

a spanning tree w n t edges








































































































circuit agitate sends2 problems
Forest setof edges w no circuits

I compute a forest FEE of TIFF H

maximum cardinality or weight Tree forest w 1 conn componen
S spans e if endpoints

egged's
2 Compute a spanning set SEE of

minimum cardinality or weight
span s eeE S spans e

S is spanning if S spans

Assume that all edge weights are distinct





















































































I compute a forest FEE ofGood edges maximumcardinality or weight

2 compute a spanningset SEE of

EEE is good if
minimumcardinality orweight





































































2 problems

Good edges
1 compute a forest FEE of
maximum cardinality or weight

2 compute a spanningset SEE of
minimum cardinality orweight

e EE is good if

le is good









































































































2 problems
I compute a forest FEE of
maximum cardinality or weight

2 compute a spanningset SEE of
minimum cardinality orweighte is good
ee E is good if

roof Assume 1









































































































2 problems
I compute a forest FEE of
maximum cardinality or weight

2 compute a spanningset SEE of
minimum cardinality orweighte is good
ee E is good if

roof Assume 2









































































































2 problems
I compute a forest FEE of
maximum cardinality or weight

2 compute a spanningset SEE of
minimum cardinality orweighte is good
ee E is good if











































































































2 problems
1 compute a forest FEE of
maximum cardinality or weight

2 compute a spanningset SEE of
e is good minimum cardinality orweight

EEE is good if

Q how to identify good edges
are there always good edges








































































































2 problems
Lemma HEE

min weight unspanned edge 1 compute a forest FEE of

e argmin wle ee E span H
maximum cardinality or weight

2 compute a spanningset SEE ofe
minimum cardinality orweight

then e is good e.EE is good if

eisgood
























































































emma HEE 2 problems
min weight unspanned edge 1 compute a forest FEE of

e argmin wle ee E span H maximum cardinality or weight

2 compute a spanningset SEE ofthen is good minimum cardinality or weight

Greedy algorithm
EEE is good if

eisgood

why is ei good






























































































Lemma HEE 2 problems
min weight unspanned edge 1 compute a forest FEE of

e argmin wle ee E span H maximum cardinality or weight

2 compute a spanningset SEE ofthen is good minimum cardinality or weight

EEE is good if

Parallel algorithm

eisgood


























































































emma HEE 2 problems
min weight unspanned edge 1 compute a forest FEE of

e argmin wle ee E span H maximum cardinality or weight

2 compute a spanningset SEE ofthen is good minimum cardinality or weight

Search algorithm
EEE is good if

eisgood















































Running times



2 problems
Greedy algorithm 1 compute a forest FEE of

maximum cardinality or weight

2 compute a spanningset SEE of
minimum cardinality or weight

EEE is good if

eisgood

Disjoint union data structure



2 problems
Parallel algorithm I compute a forest FEE of

maximum cardinality or weight

2 compute a spanningset SEE of
minimum cardinality orweight

e EE is good if

leisgood



2 problems
I compute a forest FEE ofSearch algorithm maximum cardinality or weight

2 compute a spanningset SEE of
minimum cardinality orweight

e EE is good if

leisgood



Priority queues heaps

same as Dijkstra's



2 problems
I compute a forest FEE ofSearch algorithm maximum cardinality or weight

2 compute a spanningset SEE of
minimum cardinality orweight

e EE is good if

leisgood

Oct
Oct

OClogn



Running times

Olmlogn Olmlogn Olmthlogn


