













































































Push Relabel Max Flow
















































































Average analysis of algorithms
without sacrificingworst case robustness

Amortized analysis average in hindsight

Randomized algorithms average over random bits

Both are very practical different perspectives
















































































Is bit

howoften total
O I 10 11 100 101 m everytime n

11111111111111111111111111111111
100000000000000000000000000000000 2nd bit every2times I

3rd bit every4times Len increments Oln Total time
each increment takes OU onaverage G

04 amortized time Kth bit every 2 times I

Creditschemes Idea buycredits aheadoftime topayforworklater
T amortized time runningtime t 00.11.1credit I amortizedtime put I credit onfirstbit

2 crediton2ndbit
n operations take O nT time

d

me

e.g for binarycounterwhenincrementing Ya credit on3rdbit
Multipleoperations Ops m OR
OP takesT amortizedtime OP take m saved I creditto pay for it
ORtakesTkamortized time

eg binary counterpotential method

m
y

bits set to 1 I 2 n nti
Invent potential I

then for each inc

man

realtime t II 104 I 2 n an
teachbitresettoopaidbyDI

If wedetect
eAmortizedcost of operation willbe
I I e

Ireal time t BE a t d
changeinpotential Asap 2x agreether a d e

IN Oaf I s
rebuildentiresubtreetreeoptimally IN OUT
choosemediantoberootofsubtreerecurseslineartime
















































































today push relabel algo for max flow

fastest algos we will see for flow

Roadmap for rest ofsemester
Average analysisofalgorithms

why wontsacrificingworstcaserobustness

Amortized analysis averageinhindsight

w rt classtopics Randomized algorithms averageoverrandombits

Both are very practical differentperspectives

uses amortized analysis very nicely
gives us an examplethat is not a data structure
















































































How to compute
cleaned UP Edmonds Karp

max

stthaltitutty

source it sinks
e

Ii

ns h
s

K
K J

K L p
t

t

while there is a path p sat

Take shortest path p and

route as much flow as possible

update residual graph
















































































Analysis Edmonds Karp
while there is a path p sat

Take shortest path p and

route as much flow as possible
update residual graph

key
Lemma t VEY distance from s to V

in res id graph never decreases
















































































e removed from
residualgraph

RG e canadbackin to RG
e in shortest sat path usu was in shortest sat path

s u v t star su t
levela levelv leveler levela

level v level a I levella level at

each event 120 level a level u have switched order

level's nondecreasing by key lemma
e gets deleted added at most n times

emphasis on distances in residual graph
















































































How to compute
cleaned up EdmondsKarp

Analysis Edmonds Karpmax sat flow
as

a

cut
whilethereis a path p sat

someftp.ymtkftty take shortestpath p ands

sa s s route as much flow as possible
updateresidualgraph

K u p t
t

while there is a path p smt key
Take shortestpath p and lemma t VEV distance from s to V
route as much flow as possible in resid graph never decreases

update residual graph

in ftp.nsxvsuxt
levela leveler levelers levela
shout t

levees levelatlevellylevela tl

eachevent 120 levela levelu haveswitchedorder

level's nondecreasingbykeylemma
e gets deletedadded atmost n times

emphasis on distances in residual graph
















































































einshortestsatpath IE
whilethereisapathos

EdmondsKarp

ÉIiiit Isaury shetakeshortestpath pand leanlean leanlean

g

d

If Sfaithslowaspossible eacherento leverslevershave
switchedtrdÉ

Iwhilethereisapathpsst level'snondecreasingbykeylemma
egetsdeletedaddedatmost times

routeasmuchslowaspossible
Lehita trev distancefromstor

updateresidualgraph inresidgraphneverdecreases
emphasis on distances in residualgraph

Push Relabel

components

framework

A preston f E R o
Relaxation of flows

Labels levels l v lBzo
Relaxation of distances in residualgraph
















































































Push Relabel Framework

A preston F ER
Relaxation of flows

capacity constraints

OE FCK Cle Ve EE

nonnegative net flow Flu 20 fr s

where 54 Flu E flyu
EEF CET

netstowat

Labels levels l v lBzo
Relaxationofdistances in residualgraph
















































































Push Relabel Framework
A P

at I
capacityconstraints

f e e eEE

Residual graph by V Eg nonnegativenet flow In 0 v s

where 5W 4,54m e.fr iu
netf1owaT

just like for flows Labels levels l V R o
I Relaxation ofdistances in residualgraph

cg u v CCU v flu v f r u

residualcapacity
















































































PushRelabel Framewor

Labels levels l V R o
Relaxation of distances in residualgraph non

if
netstowat

sink has level 0 source has level n

ICT 0 lls n

edges in resid graph go down 1 level

l v Au 1 u.DE Eg

es

THEs N

17 5 4 3 2 1 level0
















































































Push Relabel Framework
0 A preflow f E R o

Relaxationofflows Ék in disYanIst
Fesidualgraph

capacity constraints
f e cce eEE sink has level 0 source has level n

nonnegativenet flow FCV 20 v S let 0 lls n

where 5W fair Ervin edges in resid graph go down 1 leve

netstowat l.lv Icu 1 u.DEEg

s

5 3 2 1

levelot

Initially saturate all source edges set all non terminal levels to o

f s v CCS v SN ETC
levels n level r 0 v t
















































































PushRelabelFramework
4

call a vertex u active if Arrests to
capacityconstraints

f e e eEE
nonnegativenetflowÉv 20 v

a 0 where5W 4,54mEnter

Labels IEiiiat
high level goal sinkhaslevelosourcehaslevel

117 0 ecs n
edges inresidgraph godown 1

push flow out of u towards earecast venees

n T s a a i

InitiallyPush Relabel Operations
iii iii artist

Push flow along forward edge

Relabel vertex to higher level

while following the rules
















































































O A pretlow F ER
Relaxationofflows Labels levels l V lBzo

Relaxationofdistances in residualgraph
capacityconstraints

let O lls n
nonnegativenet flow Flu 20 fr s

edges in residgraph go down 1 level
s s a a level

whereSWEETY Earful

Push flow along forward edge
e UNE Es w llaklev 1

5 u O

u active a
qq.gg i g

u

usually

push as much flow as possible
min cgle felt

residualcapacity

y
excessflow

Relabel vertex to higher level
















































































Relaxationofflows
distances in residual84hcapacityconstraints

let O lls n
nonnegativenet flow Flu 20 fr s

where Fu eggcup eggeru
edges in residgraph go down 1 level

iPush flow along forward edge
It ecu

Relabel vertex to higher level

a active no forward edge f gasexcess flow u

safe to set la llu tl 1 Ino forwardedge

ecu
lost

ecu
















































































A prestgyax.fi o

Algorithm IE intsveee
nonnegativenetflowFCV 20 v s

where 5 4,54 2,4m

while there is active VEV sit Labels IE EsIFesianaigrapn

Sinkhas level 0 sourcehaslevel n
ICT 0 lls n

Try to push flow out of v edges inresidgraph godown 1

levelv Icu 1 u.DEEg

otherwise relabel v
s

WTF n s 3 2 1 levelo

Push flowalongforwardedge
Relabelvertex to higherlevel

flow let alone max flow iii excess.in
Inoforwardedge

running time 1 1 eat ears

does it even terminate
















































































while there is active VEV s t
A pretty.ua to
cap

eeETry to push flow out of v
nonnegativenetflowFLV 20 v s

otherwise relabel v
where56 eE.fr eEuf4ux

200 100 Labels fi It Fesidnaigraph
Sinkhas level 0 sourcehaslevel n
117 0 lls n

5 1 T edges inresidgraph godown 1

levelv Au 1 u.DEEg
100 200

y s n

n s 4 3 2 1 levelo

Push flowalongforwardedge
Relabelvertex to higherlevel

iii excess.in
Inoforwardedge

1 1 eat e
ears

6 5 4 3 2 1 0
















































































while there is active VEV s t
A pretty.ua To
Ca

eeETry to push flow out of v
nonnegativenetflowFLV 20 v s

otherwise relabel v
where 5W eE.fr eE 4u
Labels fi I Fesidualgraph

Sinkhas level 0 sourcehaslevel n

T edge It id down 1

levelv Au 1 CuNEEs

y s n

n s 3 2 1 levelo

Push flowalongforwardedge
Relabelvertex to higherlevel

L Inoforwardedge

1 1 eat ear
















































































A pretlow F E Rao
Relaxationofflows

capacityconstraints

Algorithm OEFCercle teEE

nonnegativenetflowFlu 20 fr s

where54 Effin Earful
while there is active ve v sit LabelsEtatfj.Y.netnFesidualgraph

Sinkhas levelO sourcehaslevel n
let O Lcs n

edges inresidgraph godown 1

levelv Illa I flu DEES
Try to push

otherwise relabel v
m

WTF
Push flowalongforwardedge
Relabelvertex to higherlevel

let alone max flowflow
u.gggsgg ugnasexcesssiowInoforwardedges

running time
an

does it even terminate
















































































A pretty.ua

Understanding preflows capacityconstraints
f e e eEE

nonnegativenet flow v 20 v

Lemma let f be a preflow where 5in Eaten Enter.us
then f is a path packing w

v s v paths for all
I

tE i

x

tfI

1
















































































Understanding labels
Labels.li iiifIE ianaigra

Sink has level 0 source haslevel n
11 7 0 lls n

Lmma x y EV
edges in residgraph go down 1 level
lev l u 1 u.DEEg

easily day
where day distance in resid graph

m

n s 3 2 1 levelo

Y
eGes

7s N

17 5 4 3 2 1 level0












































Understanding labels
Labels.li iiifYE sianaigrapn

Sink has level 0 source haslevel n
11 7 0 lls n

Lemme X YEV edges inresidgraph go down 1 level
l v Au 1 CuNEEs

la ely d x y

here d x y distance in resid graph s N

n s 3 2 1 level0

dls.tt lls ect n

Corollary No sit path in residual graph

always an Cst cut in residual graph
separated by empty layers



A pretty.ua I
Understanding preflows Understanding labels cal

eeE
Lemmy x yEVLemma let f be a preflow nonnegativenetflow Lv 0 v s

then f is a pathpacking w ex lly d x y where flu E.fm Eastvius

v s v paths for all where day distance inresidgraph Labels fi I Fesiduaigraph

Sinkhas level 0 sourcehaslevel n
ICT 0 lls n

edges inresidgraph godown 1 leve

Lemma if active then eco ecus 1 canees

l v 2n som

n s 3 2 1 levelo

Push flowalongforwardedge
Relabelvertex to higherlevel

iii excess.ind
d m

y

inoforwardedge

EH eat as

n 5 4 3 2 1 level0

ears



A pretty.ua

Lemma f preflows l 2 0 levels si iintsveee
nonnegativenetflow Lv 0 v s

if f is a flow then where _Eaten

f is a max flow
Labels IT Fesianaigrapn

Sinkhas level 0 sourcehaslevel n
117 0 lls n

there is empty layer iE 1 mn 13 edges inresidgraph godown 1

levelv Au 1 u.DEEgforst U v C i
s n III2 4 is a min s t cut
n s 3 2 1 levelo

Push flowalongforwardedge
Relabelvertex to higherlevel

iii excess.in
s f t www ge

II eat Eat eat

17 5 4 3 2 1 level0



A pretty.ua

Lemma f preflows l 2 0 levels ie iintsveee
nonnegativenetflowFLV 20 v s

if f is a flow then where _Eaten

f is a max flow
Labels IT Fesianaigrapn

Sinkhas level 0 sourcehaslevel n
117 0 lls n

there is empty layer iE 1 mn 1 edges inresidgraph godown 1

levelv Au 1 u.DEEg
st for U v C i

s n
2 4 is a min s t cut

n s 3 2 1 levelo

Push flowalongforwardedge

I.ua s

Relabelvertex to higherlevel

iii excess.in
inforwardedge

s f a

n ith i i i 5 4 3 2 1 level0



A pretlow f E Rzo
Relaxationofflows

La f preflows l V Zeo levels capacityconstraints
0156K Cle Feet

if f is a flow then nonnegativenetflow Iwao tuts
where54 effin Earthf is a max flow
Labels pigginftp.t.netnFesidualgraph

Sinkhas levelO sourcehaslevel n
let O Lcs n

St for Us u IG i edges inresidgraph godown EIleve
lev Illa I flu DEES

2 4 is a mines t cut

m

Push flowalongforwardedge
Relabelvertex to higherlevel

iÉÉÉ I dasexcessslow
1 Inoforwardedges

fat eat eat eat

when no v's are active

f is a max flow



A pretlow F ER o
Relaxationofflows

Algorithm capacityconstraints
0156K Cle Feet

nonnegativenetflowFlu 20 fr s

whereSWEETY Earful
Labels petition.fianIsBinFesidualgraph

Sinkhas levelO sourcehaslevel n
let O Lcs n

edges inresidgraph godown 1

levelv Illa I flu DEES

m

n s 4 3 2 I levelo

Push flowalongforwardedge
next running time Relabelvertex to higherlevel

Now we know why algo is correct

gyy y
I Inoforwardedges

Est eat eat eat



A preflow F E Rao
Relaxationofflows

Algorithm capacityconstraints
OEfeelsCle teEE

nonnegativenetflowFlu 20 fr s

where54 effin egaflv.us

LabelsgyÉofjist.netnFesidualgraph
Sinkhas levelO sourcehaslevel n
let O LCS n

edges inresidgraph godown 1

levelv Illa I flu DEES

m
Two kinds of pushes

Push flowalongforwardedge
Relabelvertex to higherlevelSaturating push

a qq.gggguInasexcesssiow u

uses all capacity of edge y toward

fat eat eat eat

Non saturating push
instead pushes out all excess flow from V



A preflow F E Rao
Relaxationofflows

Algorithm capacityconstraints
OEfeelsCle teEE

nonnegativenetflowFlu 20 fr s

where54 efflux egaflv.us
Labelslevels l V lBzo

Relaxationofdistancesinresidualgraph

Sinkhas levelO sourcehaslevel n
let O Lcs n

edges inresidgraph godown 1

levelv Illa I f laDEES

s mwe will bound

Push flowalongforwardedge
Relabelvertex to higherlevel

saturating push
relabeling

a.ggggg iii
y

non saturating pushes eat eat eat eat



A pretlow F Rao
Relaxationofflows

capacityconstraints
0156k Cle Feet

nonnegativenetflowFlu 20 fr s

where54 effin efflyuLemme
Labelslevels liv Bzo

Relaxationofdistancesinresidualgraph

Sinkhas levelO sourcehaslevel n
let O Lcs n

edges inresidgraph godown 1

levelv Illa I flu DEES

relabels 104

s

n s 4 3 2 I levelo

Push flowalongforwardedge
Relabelvertex to higherlevel

d Iasexcessflow
1 Inoforwardedge

Est eat eat eat



A pretty.ua

Ca

eeE

nonnegativenetflow Lv 0 v s

where 5W eE.fr eE 4uLemma
Labels fi Is Fesidualgraph

saturating pushes 01mn sinkhas levelo sourcehasleveln
117 0 lls n

edges inresidgraph godown 1 leveOln per edge lev Au 1 u.DEEg
2 I
yI

m

n s 4 3 2 1 levelo

I
2 Push flowalongforwardedge

Relabelvertex to higherlevel

Ila ecr Lca 1 iii excess.in
Inoforwardedge

1 1 eat Eat eat



A pretty.ua

Ca

eeE

nonnegativenetflow v 0 v s

where 5W eE.fr eE 4uLemma
Labels fi IstFesidualgraph

non satyr sinkhas level 0 sourcehaslevel n

pushes O mm emo earn
edges inresidgraph godown 1 leve
l v Au 1 u.DEEg

EISAII Σllv s

active 2
n s 3 2 1 levelo

relabel v I L Push flowalongforwardedge
Relabelvertex to higherlevel

saturating push DI In a iii excess.in
Inoforwardedge

non sat push Δ I I
an as

total increase to I 01mm



A pretlow F ER
Relaxationofflows

Algorithm capacityconstraints
0156k Cle Feet

nonnegativenetflow5020 fr s

where54 fluid efflyu
LabelsÉyÉ fjist.netnFesidualgraph
Sinkhas levelO sourcehaslevel n
let O Lcs n

edges inresidgraph godown 1

levelv Illa I flu DEES

s m
relabels SOG

n s 4 3 2 I levelo

C saturating
pushges

101mn Push flowalongforwardedge
Relabelvertex to higherlevel

non satur
I mp3 a Figgis u Ilyasexcessslow

y mnpushes
It eat eat eat

01mn27



A preflow F ER
Relaxationofflows

Algorithm capacityconstraints
OEFCKCle teEE

nonnegativenetflowFlu 20 fr s

where54 effin efflyu
Labelslevels l V lBzo

Relaxationofdistancesinresidualgraph

Sinkhas levelO sourcehaslevel n
let O Lcs n

edges inresidgraph godown 1

levelv Illa I flu DEES

mOlmos time
s

Push flowalongforwardedge
Relabelvertex to higherlevelfaster

a qq.ggg I excess u

1 Inoforwardedge
fat eat eat eat

Bottleneck was non saturating pushes



A preflow F E Rao
Relaxationofflows

capacityconstraints
OEFCKCle teEE

Top down push relabel nonnegativenetflowFlu 20 fr s

where54 effin Earful
while there is active VE V ST Labels

anagram

Sinkhas levelO sourcehaslevel n
let O Lcs n

let v active w highest level edges inresidgraph godown 1

levelv Illa I flu DEES

jTry to push flow out of
s m

otherwise relabel v
Push flowalongforwardedge
Relabelvertex to higherlevel

pÉÉpÉ 4 Iasexcessslow

1 Inoforwardedge

fat eat eat eat



A pretlow FieroTop down push relabel relaxationofslows

capacityconstraints
0156k Cle teEE

nonnegativenetflowFlu 20 fr s

where 5WEEafluit eeaEafCyul

LabelsIlpeqajfj.s Fesidualgraph

Sinkhas levelO sourcehaslevel n
let O Lcs n

edges inresidgraph godown 1

levelv Illa I flu DEES
C relabels 1062
Lemma s.my t

Le

Push flowalongforwardedge

Im Relabelvertex to higherlevel
saturating pushes

a Itf non satyr Inoforwardedges
E Olmospushes It eat eat eat

tbetter



Topdown push relabel A pretty.ua 1Bo
cal

eeE

nonnegativenetflowÉLv 20 v s

Lemma where5in Eaten Enter.us
Labels fianI Fesidualgraphnon satur

43 sinkhas level 0 sourcehaslevel n

pushes echo earn
edges inresidgraph godown 1 leve

800 ev l u 1 u.DEEg

suppose non satur push from V
s m

ed n s 3 2 1 levelo

Push flowalongforwardedge
fff

ff
t Relabelvertex to higherlevel

IE i ii
iinasexcesssion

Inoforwardedge
s

n
1 1 eat fig as



A pretlow F E ReoTop down push relabel relaxationofslows

capacityconstraints
OEFCercle teEE

nonnegativenetflowFlu 20 fr s

where54 effin Earful
LabelsgyÉ fjst.vnsInFesidualgraph
Sinkhas levelO sourcehaslevel n
let O Lcs n

edges inresidgraph godown 1

levelv Illa I flu DEES
C relabels I 062

mLemme

Le

Push flowalongforwardedge

Em Relabelvertex to higherlevel
saturating pushed d

insane
non satur I

Inoforwardedge1063pushes It eat It e

OCP time overall better



Top down push relabel
A pretty.ua to
Ca

eeE

nonnegativenetflowFCV 20 v s

where 5W 4 2,54m

Labels fi I Fesidualgraph

Sinkhas level 0 sourcehaslevel n
ICT 0 lls n

Lemma edges inresidgraph godown 1

levelv Au 1 u.DEEf

relabels 0cm
Lemma s n

saturating pushes O mn
no

Push flowalongforwardedge

Lemma Relabelvertex to higherlevel

non satur IE i ii
iiiasexcesssin

063 inforwardedge

pushes better 1 1 eat ears

0cm time overall



A prestgyax.fi Ioemmanon satur
pushes nvm EE intsveeE

nonnegativenetflow FCV 20 v s

roof I Σ w l w eu where sin Eaten Enter.us
vactive Labels fi I Fesidnalgraph

related safr.ph Δ by In sinkhas level 0 sourcehaslevel n
ICT 0 lls n

Total increase of mm
edges inresidgraph godown 1 leve
l v Icu 1 u.DEEg

non satur push at v ΔI Iw llw ecul
s n E

big if w l w l v7 k I no

w KTBD Push flowalongforwardedge

small if w l w l v k Relabelvertex to higherlevel

iii excess.in
claims O mn k big pushes insomardedge

EH eh EH ears

0 n k small pushes Topdownpush relabel

then set K Vñ



A pretty.ua
emma non satur

pushes nvm EE intsveeE
nonnegativenetflow v 0 v s

roof I Σ w l w eu where flu Eaten Enter.us
vactive Labels fi I Fesidualgraph

relabel satur push Δ I by n sinkhas level 0 sourcehaslevel n
ICT 0 lls n

edges inresidgraph godown 1 levetotal increase of 062 even 1 tendees

non satur push at v ΔI Iw llw ecul
s n

big if w ecw ecul k w KTBD
n s 3 2 1 levelo

claim O mn k big pushes Push flowalongforwardedge
Relabelvertex to higherlevel

IE1 ii
iinasexcesssion

Inoforwardedge

1 1 eat EH ecus

Topdownpush relabel



A pretty.ua
emma non satur

pushes nvm EE intsveeE
nonnegativenetflow v 0 v s

roof I Σ w l w eu where sin fm afGu
vactive Labels fi I Fesidnaigraph

relabel satur push Δ I by n sinkhas level 0 sourcehaslevel n
ICT 0 lls n

Total increase of mm
edges inresidgraph godown 1 leve
l v l u 1 u.DEEg

non satur push at v ΔI Iw llw ecul
s n

small if wiecwl e.lu Ekw kTBD
n s 3 2 1 levelo

claim O n k small pushes Push flowalongforwardedge
Relabelvertex to higherlevel

i ii.it ii
iiiasexcessston

f
toforwardedge

EH eat Eat eat

g of t t.p.am msn.ru

n 5 4 3 2 1 level0



A pretlow Fiero
Relaxationofflowsemmy non satur E Olam capacityconstraints

pushes Oesterle feet
nonnegativenetflowFlu 0 fr s

Troof I E w l w Il u where 50 Fun Earth
vactive Labels qq.tn d.staYIsBinFesidualgraph

relabel satur push 1 I by In sinkhas level o sourcehaslevel n
let O Lcs n

Total increase of mm edges inresidgraph godown Esteve
lev Illa I flu DEES

non satur push at u DE Iw llw e v71
m

big if w l w l u 2k n s s a steno

Push flowalongforwardedge

small if w e w euKk
W KTBD

Relabelvertex to higherlevel

pÉÉÉÉ 4 hasexcessslow

claims mak big pushes finsonardeages

It eat eat eat

nk small pushes Topdownpush relabel

then set Kevin



Top down push relabel
A pretty.ua to
Ca

eeE

nonnegativenetflowFCV 20 v s

where 5W 4 Ezra
Labels fi I Fesidualgraph

Sinkhas level 0 sourcehaslevel n
ICT 0 lls n

Lemma edges inresidgraph godown 1

levelv Au 1 uDEEf

relabels 0cm
Lemma s n

saturating pushes O mn
no

Push flowalongforwardedge

Lemma Relabelvertex to higherlevel

IE5 ii
iinasexcesssion

non satyr inforwardedge0 n ñpushes 1 1 eat ears

nvm time overall


